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Abstract—Many important network design problems can be
formulated as a combinatorial optimization problem. A large
number of such problems, however, cannot readily be tackled by
distributed algorithms. The Markov approximation framework
studied in this paper is a general technique for synthesizing
distributed algorithms. We show that when using the log-sum-exp
function to approximate the optimal value of any combinatorial
problem, we end up with a solution that can be interpreted
as the stationary probability distribution of a class of time-
reversible Markov chains. Certain carefully designed Markov
chains among this class yield distributed algorithms that solve the
log-sum-exp approximated combinatorial network optimization
problem. By three case studies, we illustrate that Markov
approximation technique not only can provide fresh perspective
to existing distributed solutions, but also can help us generate
new distributed algorithms in various domains with provable
performance. We believe the Markov approximation techniques
will find application in many network optimization problems,
and this paper serves a call for participation of it.

1. INTRODUCTION

Many important network design and resource allocation
problems can be formulated as a combinatorial network opti-
mization problem. Two well-studied examples are

« The Maximum Weighted Independent Set (MWIS) prob-
lem of finding the independent set with the maximum
weight. MWIS problem is known to be a bottleneck of
the wireless utility maximization problem [1].

o The optimal neighbor selection problem in Peer-to-Peer
streaming systems of finding the “best” set of neighbors
for every peer to maximize the overall streaming rate [2].

These formulations, while elegant, often suffer from two
shortcomings: (i) the optimization problem could be in-
tractable when the network size is large (i.e., it is NP-
complete); (ii) the optimization problem could be amenable
to centralized implementation only.

This paper attempts to tackle issue (ii). Specifically, we
propose a general Markov approximation technique that allows
us to solve many combinatorial network optimization problems
in a distributed manner. This also addresses issue (i) to a
certain extent because the distributed implementation often
allows parallel processing by different network elements in the
network. Moreover, systems running distributed algorithms,
compared with those running centralized algorithms, are more
adaptable to users joining and leaving the systems (e.g.,
peer churn in Peer-to-peer systems) and are more robust to
system/network dynamics (e.g., channel fading in wireless
networks).

Historically, our investigation of the Markov-approximation
technique was inspired by the recent progress in carrier-
sense multiple-access (CSMA) network design. In [3] [4],

it was shown that the throughputs of links in a CSMA
network can be computed from a time-reversible Markov
chain. Refs. [5] [6] reverse-engineered to show that CSMA
solves the combinatorial MWIS problem asymptotically, off by
an entropy term. With this observation, Refs. [5] [6] made an
excellent contribution showing that a standard wireless utility
maximization problem [1] can be solved by running distributed
algorithms on top of CSMA, with an entropy term added to
the utility function. The appearance of the entropy term is a
consequence of solving the utility maximization problem on
top of CSMA. It turns out that similar entropy term also arises
in several other existing communication systems [7], [8].

These observations naturally lead to several interesting
forward-engineering questions. What is the fundamental cause
of the appearance of the entropy term in all these problems?
By adding an entropy term to the objective function of a
combinatorial optimization problem, can we get a distributed
solution out of it? If yes, how to do so systematically?

This work answers the above questions, and advocates
to use the entropy term as a forward-engineering device to
stimulate new algorithms for various network combinatorial
problems. This expands the usefulness of the approach origi-
nally expounded in the series of work in [3]-[6] to many other
domains beyond CSMA networks. In particular, this paper
makes the following contributions:

« it shows that an entropy term appears as a direct con-
sequence of our approximating the optimal value of any
combinatorial problem using a log-sum-exp function.

« it shows that as a result of the log-sum-exp approxima-
tion, the optimal solution can be realized by the stationary
distribution of a class of time-reversible Markov chains
(all with the same stationary distribution).

« it shows that certain carefully designed time-reversible
Markov chains among this class yield distributed algo-
rithms that solve the log-sum-exp approximated problem.

« it demonstrates the usage of the Markov approximation
technique by considering two specific problems that are
of much practical interest. The first is the optimal path se-
lection problem in multipath transmission. The second is
the problem of frequency channel assignment to Wireless
LANS located in the vicinity of each other.

The rest of this paper is organized as follows. We first
present the Markov approximation in Section II. In Section III,
we apply the Markov approximation technique to the wireless
utility maximization problem and derive solutions similar to
those in [5] [6]. The goal of Section III is to provide a new
perspective to the design of an existing distribution solution.



In Sections IV and V, our goal shift to that of applying
Markov approximation to synthesize new distributed algo-
rithms in problem domains. Sections IV studies the optimal
path selection problem in multipath transmission over wireline
networks. Sections V investigates the problem of frequency
channel assignment to Wireless LANs. Section VI concludes
this paper.

II. MARKOV APPROXIMATION

A. Settings

Consider a network with a set of users R, and a set of
configuration 7. A network configuration f € ¥ consists of
individual users using one of its local configurations. When
the system operates under f, each user obtains certain perfor-
mance, denoted by x,.(f) (r € R)'. The problem of maximizing
the system performance, i.e., aggregate user performance, by
choosing the best configuration can then be cast as following
combinatorial optimization problem?

MWC : maxcr Z x(f). (1)
rer
An equivalent formulation is
MWC-EQ: max 3 ps) x(f) @)
feF reR
S.t. Z pPr= 1,
feF

where py is the percentage of time the configuration f is
in use. Treating ). x;(f) in (1) as the “weight” of f, the
problem MWC is to find a maximum weighted configuration.

Many practical and important problems, or their subprob-
lems, can be formulated into the form of (1). Some well-
studied examples are listed at the very beginning of Section I,
and we will study three concrete examples in Sections III, IV,
and V.

For many problems, formulation in (1) could be very chal-
lenging to solve, even in a centralized manner. For example,
the MWIS problem is known to be NP-hard. In practice, it is
often acceptable to solve the problem approximately, but in a
distributed manner. Systems running distributed algorithms are
more robust to user and system dynamics than those running
centralized algorithms.

In the following, we describe a framework, which we call
Markov approximation, to approach problem in (1). It often
leads to distributed algorithms that can be implemented in
practice with limited or no message passing among users, as
demonstrated in Section III, IV, and V.

Note x,(f) can be some direct system measurement, e.g., throughput, under
configuration f, or a function of the measurement.

2There could be other forms of combinatorial optimization problem. In this
paper we focus on the standard form given in (1).

B. Log-sum-exp Approximation

To gain insights on the structure of the problem MWC,
we approximate the max function in (1) by a differentiable
function as follows:

l A
max ) x,(f) ~ 7log (Z exp (ﬁ > xr(f)]] Lg@. ()

rerR feFr reR

where B is a positive constant and x = [,z xi(f), f € FI.
This approximation is known as the convex log-sum-exp
approximation to the max function . Its accuracy is known
as follows.

Proposition 1: For a positive constant 8 and n non-negative
real variables yi,ys,...,y,, we have

max(yy,...,yn) <

1
3 log (exp(By1) + - -+ + exp(By,))

1
< max(yl,...,yn)+Blogn. 4)

Hence, max(y;,...,y,) = ﬁlimé log (exp(By1) + - - - + exp(Byn)) -
Proof: Since for any g8 > 0,

exp (max(Byi,...,Byn)) < exp(By1) + ...+ exp (By,)
< n exp(max@yi,....Ly.). (5
We have
max(Byi, ..., Byn) < 10g (exp (By1) + ... + exp (Byn))
< max(Byi,...,By,) + log(n) 6)
By dividing B in both sides, we obtain inequality (4). When
B — oo, we get the desired equality. |

We summarize some important observations of gg (x) in the
following theorem.
Theorem 1: For the log-sum-exp function gg (x), we have

. its conjugate function® is given by

o (p) = |B Zrerprlogpy it p20and Tp=1
B 00 otherwise.

« it is a convex and closed function; hence, the conjugate
of its conjugate g/’; (p) is itself, ie., gg(x) = g;,* (x).

)

Specifically,
1
g0 = maxdps} () - 3 > prlogps (8)
feF rer feF
S.t. Z pr= 1.
feFr

Proof: The proof of (7) follows nearly the same way as
[9, pp.93]. gz (x) is a convex function because the log-sum-exp
function is a convex function [9]. Further, gz (x) is continuous,
and its domain is a closed set, thus gg (x) is a closed function.
Hence by [9, Section 3.3.2], the conjugate of its conjugate
g; (p) is itself, i.e., (8) holds. |

3Definition of conjugate function is as follows: let g(y) be a R-value
function with domain domg € R”, its conjugate function is defined as
£°(2) = SUPyegomg (27 — 8)) [9].



Remark: Several observations can be made. First, by the
log-sum-exp approximation in (3), we are implicitly solving
an approximated version of the problem MWC — EQ, off by
an entropy term —é 2 rer Prlog pf4. We emphasize that this
is a direct consequence of we theoretically approximating the
max function by a log-sum-exp function in (3). Practically, we
argue in this paper that adding this additional entropy term
in fact opens new design space for exploration. Second, the
approximation becomes exact as 8 approaches co. However,
as we will see in case studies later, usually there are practical
constraints or overhead concerns of using large 8. Third, by
solving the Karush-Kuhn-Tucker (KKT) conditions [9] of the
problem in (8), (write out the conditions out if space) we
obtain its optimal solution

exXp (ﬁ ZrER xr(f))
Y per xp (B Lrer X ()
By time-sharing among different configurations f according to

their portions p;i. (x), we can solve the problem MWC - EQ,
and hence the problem MWC, approximately.

P (x) = VieF. )

C. Algorithm Design via Markov Chain

A key to create new algorithm designs is to treat
p’;. (x) (fed) as the stationary distribution of a time-
reversible Markov chain. Time-reversible Markov chains usu-
ally have structures that allows distributed implementation. As
the Markov chain converges to its stationary distribution, we
approach p} (x) in a distributed manner.

Lemma 1: For any probability distribution of the product
form p} (x) in (9), there exists at least one continuous-
time time-reversible ergodic Markov chain whose stationary
distribution is p?* (x). Further, for any continuous-time time-
reversible ergodic Markov chain, its stationary distribution can
be expressed by the product form p; (x) in (9).

The proof is relegated to Appendix-A.

To construct a time-reversible Markov chain with its station-
ary distribution pj, (x) (f € F),welet f € F be the state of the
Markov chain, and denote gy as the nonnegative transition
rate between two states f and f”. It is sufficient to design gy, s
so that

« the resulting Markov chain is irreducible, i.e., any two
states are reachable from each other,
« and the detailed balance equation is satisfied: for all f

and f' in ¥ and f # f7, pj, ®) gy = pj;, (x)gp g, ie.,

exp [ﬁ > xr(f)] qrp = exp [ﬁ > xr(f’)) qr.g. (10)
reR reR
We remark that the above two sufficient requirements allow a
large degree of freedom in design.
First, it allows us to set the transition rates between any two
states to be zero, i.e., cutting off the direct transition between
them, given that they are still reachable from any other states.

4Under the context of CSMA scheduling, Jiang and Walrand arrive similar
observation using a different approach. We will discuss more details when we
come to CSMA utility maximization in Section III.

The modified Markov chain is still time-reversible and its
stationary distribution is still p*f (x) (f € F). For example, as-
sume the 4-states Markov chain in Fig. 1.(a) is time-reversible.
The “sparse” Markov chains in Fig. 1.(b)-(d), modified from
the “dense” one in Fig. 1.(a) by adding/removing transition
edge-pair between two states, are also time-reversible. Further-
more, all Markov chains share the same stationary distribution.

?‘“ ? '
F—0 € I q
(a) ( ) (d)

Fig. 1. The Markov chains in (b), (¢), (d), by adding/removing transition
edge-pair between two states in the time-reversible Markov chain in (a), are
also time-reversible. All Markov chains have the same stationary distribution.
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Second, for two states f and f” that have direct transitions,
there are many options in designing gy and gy . These
options include, but are not limited to, the following ones:
let @ be a positive constant,

OPTI:let gr s be negative correlated to the system perfor-
mance ),z X- (f) under configuration f, specifically,

-1
qrp = (I[exp (ﬁz X, (f)]] .

reR

(an

qy.r is defined in a symmetric way.

OPT2:let g5 be positive correlated to the system perfor-
mance under the targeting configuration f’, specifi-
cally,

B N

reR
qy.r is defined in a symmetric way.
OPT3:let gf be positive correlated to the difference of
system performance under configuration f and f’,
in particular,

1 4

qarr =aexp(zﬁ;(xr(f)—xr(f))]' (13)
qy.r is defined in a symmetric way.

OPT4:let gp r = a, and gy be positive correlated to the
difference of system performance under configura-
tion f and f’, i.e.,

qpy = wexp [B D () =% (f))) L9
rer

Design option OPT1 implies the transition rate from f to f’,
i.e., gy, 18 independent of the performance under targeting
configuration f”. In contrast, g, in OPT2 depends only on the
performance of targeting configuration f”. Design of gy in
OPT3 combines flavors from previous two options, where the
system is more likely to switch to a configuration with better
performance. In practice, both OPT2 and OPT3 require the
system to know the performance under targeting configuration



f’ a prior, or through a probing phase. Option OPT4 is similar
to OPT3, but gy and gy s are no longer symmetric. As we
will discuss in Section III, CSMA protocol in fact implements
a Markov chain with transition rate fitting into option OPT4.

Recalled in our setting, a configuration f consists of each
individual user using one of its local configurations. Transi-
tions between f and f’ are done via users switching their
local configurations accordingly. By users running individual
continuous-time clock and wait for a random amount of time
before they switching local configurations, we can design
transition to happen only between two configurations f and
f’ that differ by one user’s local configuration. If individual
users can collect system performance that its switching can
affect in a distributed manner, then the Markov chain can be
implemented in a distributed manner. In the following sections,
we study three cases to illustrate how such design are done.

III. Cask 1: UtiLity MAxmMizaTIoON IN CSMA NETWORKS

In this section, we apply the Markov approximation tech-
nique to the wireless utility maximization problem. We derive
solutions similar to those in [5] [6]. By doing so, we wish to
provide new perspective to the design of existing distributed
solutions.

A. Settings

Consider a hidden-node-free 3and collision-free CSMA
wireless network, denoted by G = (N, L) where N is the set of
nodes and L is the set of links, each having unit capacity. Note
the results can be readily extended to the case where links have
heterogeneous capacities. Let its corresponding conflict graph
be G. = (L, A), where A is the set of arcs in G.. Let ¥ be the
set of all independent sets over G..

Let S be the set of all users, where a user s € S is associated
with the single route connecting its source and destination
nodes. Let z = [z;,5 € S]7 be the vector of user rates. Let
p = [ps. f € FI' be the vector of percentages of time an
independent set is active. Let U,(z;) be the utility function of
user s upon sending at rate z;. We assume the utility functions
to be twice differentiable, increasing and strictly concave.

5In CSMA networks, two links are allowed to transmit simultaneously
if they are considered to be feasible under CSMA protocol. However,
CSMA protocol schedules transmissions based on carrier sensing mechanism,
independent of the underlying interference model. Consequently, simultaneous
transmissions allowed by CSMA may still interfere with each other, resulting
in the infamous hidden-node problem. As compared to CSMA networks
with hidden nodes, hidden-node-free CSMA networks are attractive not only
because they are more fair, but also because its throughput analysis is more
tractable. As studied in [10], a CSMA network can always be made hidden-
node-free, by setting the carrier sensing threshold properly. Hence, we focus
on hidden-node free CSMA networks in our analysis.

B. Wireless Utility Maximization Problem

Consider the following utility maximization problem over
G.. Note here no wireless protocol is assumed.
max

MP:: z20,p>0 ;US(ZS)

S.t. Z Zs < Z pr, YleL
s:les,seS filef

S

feF

5)

where ) e, s 25 1S the aggregate rate passing through link
[, and the first set of constraints says aggregate incoming rate
of every link can not exceed the average link throughput. By
relaxing the first set of inequality constraints, we get its partial
Lagrangian as follows

Lzp )= Ulz)- ) m[

seS leL

IEEDY pf], (16)

s:les,seS fief

where A = [A;,/ € L]” is the vector of Lagrange multipliers.
We notice Yep i X pier Pr = Lger Pr Zies Ai-

Since the problem MP is a concave optimization one
and the Slater’s condition holds, the strong duality holds.
Consequently, the optimal solution of problem MP can found
by solving the following problem successively in p, z, and A:

TJ(I)] max ZUS(ZS)—ZAIZZ5+ZP]CZ/II (17
= ;;0 = leL  siles,  fer  lef
- ses
s.t. Z pr=1.
feF

The key challenge lies in solving the combinatorial sub-
problem in p, which is the NP-hard MWIS problem [1]:

MWIS :  maxps Z Dy Z A (18)
feF lef
S.t. Z pr= 1.
feF

The optimal value of the problem MWIS is given by comput-
ing the max function: max ez > jer 4.
C. Approach by Markov Approximation

Observing the problem MWIS is a combinatorial optimiza-
tion problem, we apply the Markov Approximation. First, we
apply the log-sum-exp approximation

I;learxz/ll zélog Zexp[ﬁz/ll] R

lef feF lef

where S is a positive constant. According to Theorem 1, we
are implicitly solving an approximated version of the problem
MWIS, off by an entropy term — }3 2. rer Prlog py, as follows

max o Z szﬂl - é Z prlogpy

fer l&f feF

S.t. pr: ],

feFr

19)

(20)



and the corresponding (unique) optimal solution is

exp (ﬂ Dlef /11)
2. preF EXP (ﬁ 2ief /11)

We first study the impact of solving the subproblem MWIS
approximately by (19).

1) Entropy Term as A Consequence of Log-sum-exp Ap-
proximation: It is unlikely that we are still solving the original
problem MP. After we approximate problem MWIS by the
problem in (20), the partial Lagrangian problem in (17) turns

2n

pr(d) = NVfeF.

into
) 1
gl SIS DA
—Z/ll{ Z Zs_zpf]
leL s:l€s,s€R filef
s.t. Z pr=1 (23)
feF

It can be verified to be the partial Lagrangian problem of the
following primal problem:

1

MP - MA : Us(zy) — 1 24
max ; (z5) ﬁ;pf ogpr (24
s.t. prz Z Zs, YIEL
filef s:les,seR
Z pf =1.
feF

Comparing problems MP — MA and MP, we observe that
when we approximate the subproblem MWIS by the one
in (20), we are in effect approximating the problem MP by
problem MP — MA, which has an additional entropy term in
its objective function. We remark that the entropy term appears
as a direct consequence of our approximating the max function
with the log-sum-exp function in (19), independent of any
wireless protocol, e.g., CSMA, to be used.

Historically, by modeling and studying the carrier sensing
behavior, the authors of [3] showed that the percentage of the
active time of independent sets, under the CSMA scheduling
with transmission aggressive vector A, is given by p,(1) in
(21). The authors of [5], [6] then reverse-engineered p ()
in (21) to be the optimal solution to the problem in (20).
With this observation, the authors of [5], [6] design distributed
algorithms on top of CSMA to solve problem MP — MA, an
entropy term away from problem MP.

2) CSMA as Distributed Implementation of Markov Chain:
From a forward engineering perspective, imagine that the
CSMA protocol was not invented and did not exist yet.
Then following the Markov approximation technique, we
now design a time-reversible Markov chain whose stationary
distribution is given by (21) and work out its distributed
implementation.

The states of the Markov chain are the independent sets
over G.. To make sure the network operates over only the

independent sets, any two interfered links (in particular their
transmitters) must be able to sense each other so one will
keep silence while the other is transmitting. This can be done
distributedly by each transmitter sensing its receiving power
and only starting its transmission if the power is below a
properly selected threshold [10].

We follow OPT4 (discussed in Section II-C) to design the
transition rates. We start by only allowing direct transitions
between two “adjacent” states (independent sets) f and f’ that
differ by one and only link. That is,

a) we set gy, to zero, if one of f or f” is not a subset
of the other (i.e., |f|—|f’| = =1 is not satisfied). Here
| - | represents the size of a set.

By this design, the transition from f to f’ = fU{l’} corresponds
to link /' starting its transmission. Similarly, the transition
from f’ to f corresponds to link /' finishing its on-going
transmission.

Now, consider two states f and f’ where f" = f U{l'},

b) we set g to 1, and

qrp = exp [,8 (Z A= Z /l;]] =exp(BAr). (25)

lef’ lef

To achieve transition rate gy, the transmitter of link /" waits
for a back-off time that follows exponential distribution with
rate exp (B4y) before it starts to transmit. During the count-
down, if the link /” (in particular its transmitter) senses another
interfering link is in transmission, link /" will freeze its count-
down process. When the transmission is over, link /” count-
down according to the residual back-off time, which is still
exponential distributed with the same rate exp (81y) because
of the memoryless property of exponential distribution.

The transition rate only depends on the lagrange multiplier
Ap (called transmission aggressiveness in [5]) and is propor-
tional to the local queue length of link /', as discussed in [5]
[6] and in Section III-C4.

Similarly, the transition rate g can be achieved by link /'
setting its transmission time to follow exponential distribution
with unit rate.

In the end, this distributed implementation leads to the
discovery of the CSMA protocol, with adjustable transmission
aggressiveness. This thought exercise raises out a significant
point. Namely, had the CSMA protocol not been invented
previously, the Markov Approximation technique might have
led us to it, starting with the premise that we wanted to find an
approximate distributed algorithm to problem MP. A similar
exercise on other problem domains in which a satisfactory
distributed solution is still lacking may help us to discover
new distributed algorithms. That is, the Markov approximation
technique is a general framework.

3) Approximation Accuracy Limited by Physical Con-
straints: Mathematically, as 8 approaches infinity, we should
be able to solve MWIS exactly. However, there are certain
physical constraints preventing S to be too large. In CSMA
networks, The value of exp(84,) corresponds to the ratio of
average packet duration to average backoff time [3]. For



a given fixed packet duration (e.g., that corresponds to the
maximum size of an Internet packet), increasing § basically
means decreasing the average back off time. However, the av-
erage backoff time cannot be arbitrarily decreased. In practical
situation, the backoff process is actually time-slotted. Each
backoff time slot o must be sufficient large either due to
circuit design considerations, or more fundamentally the radio
propagation delay. For a WLAN in which the largest distance
between two stations is d, as a rule of thumb o > 2d/c(the
round-trip progagation delay) for CSMA to operate properly.
If we assume the radius of a WLAN coverage is 75m and the
speed of light ¢ = 3 X 108 my/s, then o > lus. In 802.11b,
o = 20us , but here we will assume the fundamental limit of
o = lus.

Typically, we should allow for enough number of slots in
the average backoff time to avoid excessive packet collisions
due to simultaneous backoft countdown to zero by two or more
transmitters. In 802.11b, for example, the average number of
backoff countdown is around 15 time slots. Using this number,
the average backoff time is therefore 15 X lus = 15us.

Now suppose that the data rate of the WLAN is 10 Mbps,
and the average packet size is 1kB. The packet duration is
then in the ballpark of 800us (ignoring DIFS and ACK). The
largest possible value for exp(84y) is then 800/15 = 53 (or
By <4).In 802.11e, we could use the TXOP option to bundle
packet transmissions together. Assume we bundle 10 packets
together for transmissions, then instead of 53, exp(84,) < 530
(or BAy < 6.3). That is, the backoff rate of link I’ (I’ € L) is
exp (BAy), which cannot go beyond 530.

4) Solving Problem MP — MA by CSMA and Primal-dual
Algorithm: With the approximated optimal value to problem
MWIS in Equation , we can solve the following problem to
get the optimal solution z* and A* (and thus p*):

Z Uy(zs) — Z A Z 7+ é log Z exp {ﬁz A,]] . (26)

ses leL s:les,seS feF lef

This problem can be solved by either a dual algorithm or a
primal-dual algorithm. Dual algorithms has been studied for a
slightly different formulation in [5], [6]. We study a primal-
dual algorithm as follows

/.11 =k [Zx:les,seS is — Zlef pf(ﬂ/l)];
7= ay [U;(Zs) = les /11]; ,

where k(I € L) and ays € §) are positive constants and
function [b]} = max(0, b) if a < 0 and equals b otherwise. The
advantage of the primal-dual algorithm is that the changes in
sending rate z; (and correspondingly 4;) is smoother than that
in the dual algorithm.

Note e, ps(BA) is the stationary throughput of link [/, by
running CSMA protocol network-widely with transmission
aggressive vector SA. This is a key observation made in [3]
[5] [6]. The Lagrange dual variable A; can then be updated
based on information of the local queue at link /.

Proving the convergence of the algorithm in (27) has come
a standard technique using Lyapunov function [11], given

27)

the Markov chain converges to its stationary distribution
instantaneously.

In practice, however, the Markov chain may not converge
before the primal-dual algorithm (27) evolves. the algorithm
then turns into a stochastic primal-dual algorithm, given as
follows:

Am+1)= [/ll(m) + e(m)(

Z zs(m)—éz(m)]l VielL

s:les,seS

Z(m+1) = la(m) + e(m) [U;<zx<m)> -3 Az(m)]] Vses
Lles +

(28)

Where €(m) is the step size, 8;(m) be the average link rate
measured by link / within the update interval T,,. When e(m)
is very small, the primal-dual algorithm (27) is a continuous
time approximation of (28).

Under suitable choices of step sizes and update intervals,
we establish the convergence of the stochastic primal-dual
algorithm (28) with probability one in the following theorem:

Theorem 2: The stochastic primal-dual algorithm in (28)
converges to the optimal solutions of MP — MA asymptoti-
cally with probability one under the following conditions on
step sizes and update intervals: e(1) = T(1) = 1,e(m) =
m, Tp=m, m=>?2.

The proof is relegated to Appendix-B.

IV. Casg 2: Pata SELECTION IN WIRELINE NETWORKS

A. Settings

Consider a wireline network G=(V, L), the capacity of link
[ € L is denoted by C;. Let J; denote the set of paths available
for user s € §. For each path a user s selects from Jj, it
opens a connection to transfer data. Maintaining connections
and paths consume users’ resources and incur overhead. Due
to the limited system resource or concern on overhead, each
user s € S operates at most D connections over Dy paths.

Let ¥ denote the set of all possible configuration of paths
used by all users. Given a configuration f € ¥ that represents
the set of paths used by all s € S, we denote those used by
user s to be Jyy C J; and |J; | = Dy. Similar to [12], we
assume that there exists at most one bottleneck along each
path, where “bottleneck” is defined as the link shared among
multiple paths. Therefore, at most one link of a path will
be shared with other paths. While a limited assumption that
may not hold in realistic networks, it is a reasonable model
for some scenarios [13]. Even under this assumption, path
selection is still a challenging problem [12]. We also assume
the utility functions to be twice differentiable, increasing and
strictly concave.

B. Joint Path Selection and Multipath Utility Maximization

Consider the following utility maximization problem based
on path selection, where we time-share among a set of



configurations to maximize the aggregate user utility of the
long-term throughputs:

PS: max;s00 Z Uq(zy) (29)
seS
St 2 < ) Rypy VseS
feF
Set
feF

where z, is the long-term throughput of user s € S, py is the
probability (or time fraction) of the configuration f, and R, s
is named “equilibrium rate” for user s in configuration f. It is
the aggregate rate source s obtained at the optimal solution
to the following multipath utility maximization problem with
uncoordinated congestion control [12]:

MP - UCC: maxys Z Z Us(yp) (30)
seS jedsy
s.t. Zyj <C, VlelLy
Jilej

where L, is the set of links used by all users under config-
uration f, y; is the path rate for path j € J;;,s € S, and
y=1Iy,Vje sy s€ S17 is the vector of rates of all paths.
Let optimal solutions of the problem MP — UCC denoted by
9.7 € Jsr,s €S, the equilibrium capacity is given by

Rop= D 9

jEJLf

€29

By (31), we implicitly assume a timescale separation be-
tween solving the problems MP — UCC and PS [12]. Such
assumption is justified to some extend by the following obser-
vations. Given the configuration f € #, problem MP — UCC
can be solved by standard distributed primal and dual algo-
rithms [12], in a timescale on order of round trip time. On the
other hand, the path selection is likely to operate at a much
slower timescale due to the overhead involved in configuring
paths and setting up connections.

With the two timescale separation in place, we focus on
solving the combinatorial problem PS in the slow timescale.

C. Approach by Markov Approximation

Following similar procedure in Section III, we apply
Markov approximation and at the end turn to solve an ap-
proximated version of problem PS as follows:

1
PS—MA: maxeopo ), Uz =5 ) prlogps (32)

seS feFf
S.t. s < Z Rs!f pr Vses
feFr
Z pr=1,
feF

To proceed, we relax the first set of constraints and denote
A =[A,, s €S] as the vector of Lagrange multipliers. Follow-
ing the similar analysis in Section III, it turns out the optimal

solution of the problem in (32) can be obtained by searching
the saddle point of the following function

DU = ) A+ é log lz exp (ﬁz R, aﬂ . (33)

s€S s€S feF s€S

and at the same time setting
exXp (ﬂ ZSES Rs,f /13)
Zfe?‘" €Xp (ﬁ ZseS Rs,f /lx)

We explore algorithm design based on this observation in the
following subsections. The p¢(84) in (34) can be interpreted as
the stationary distribution of a time reversible Markov chain,
whose states are the configurations in 7. We first discuss how
to design and implement such a Markov chain in a distributed
manner, and then design stochastic algorithms to pursue the
saddle point of the function in (33).

(34)

prBY) = NVfeF.

D. Design and Implementation of Markov Chain

First, we set gy to be zero, unless f and f’ satisfy that

Cl: Ifuf-fnfl=2

C2: there exists a user, denoted by s(f, f’), so that f U

I =10y edupm.
This way, the transition from f to f’ corresponds to a single
user s(f, f') switching a single path.

Second, for f and f’ that satisfy C1 and C2, we follow
OPT1 discussed in Section II-C to design their transition
rate gy, p. Direct implementation of OPT1, however, requires
s(f, f") to know global information } s Ry s 4, a term difficult
to acquire in practice. To this extend, we find that a unique
structure of our problem can simplify the implementation.

First, we introduce some new conceptions. Given a path j,
its neighboring path set N(j) is defined as the set of paths
which share links with the path j, i.e., N(j) ={j’ : j nj # 0}.
Note that N(j) includes the path j. Since there is at most one
bottleneck for path j, only one link will be shared by path j
and any path j* € N(j) — {j}. Further, there is at most one
bottleneck for each path j € N(j) — {j}, thus the bottleneck
of path j* € N(j) — {j} coincides with the bottleneck of path
Jj- Then all paths in N(j) share the same bottleneck with each
other. Therefore, for any path j* € N(j), N(j) = N(j); and
for any path j ¢ N(j), N(j)NN() = 0.

Then we have the follows:

Lemma 2: Under the setting of uncoordinate congestion
control, the equilibrium rates of a user s’ under f and f’
are the same if s’ does not change paths, and for any path
j e fuf —fnf, all paths of ' do not belong to the
neighboring path set of j, i.e.,

Rsr,f = Rsr’fr, if Jsr,f = Jsr,f/ and Jsr’f N N(]’) =0,

Vie(fusr-rnf.

Proof: Under the setting of uncoordinate congestion
control, each path has its own utility function to maximize.
Two paths are independent to each other if they are disjoint.
Therefore the optimal rate of path j depends only on its



neighboring paths set N(jj). So if the user s" does not change
paths, and all its paths are disjoint with paths in the set
Uy NG, J € fUf = fn [, then paths in Jy ; and their
neighboring path sets will not be affected by path swapping,
thus by (30) and (31), the equilibrium rate Ry ; is invariant
and equals to Ry . [ ]

Let H(f,f) be the set of such “invariant” users under
configurations f and f’. Then to satisfy the detailed balance
equation qrpps(BA) = qp spp(BA) for f and f’ that satisfy
C1 and C2, it is sufficient to let

qrr = [CXP (ﬁ ZSES—H(f»f/) R‘“f/l‘v)]__ll 35)
qr.f = [GXP (ﬁ ZxES—H(f,f') Rs’f’/ls)]

The common part exp (ﬂ DseH(f,f") R‘Y,f/ls) appears on both
sides of the detailed balance equation and gets canceled. Now,
to implement transition rate g,z in (35), the user s(f, f) needs
to collect the information R ¢4, from s in S — H(f, f7).

Noticed that S — H(f, f’) is the set of users whose paths
share links with s(f, f7), users s in S — H(f, f’) can then leave
the information R A, at each router, and user s(f, f’) can
fetch them from the routers when its own packets pass by.
The share routers can be thought as shared memory between
s(f,f’) and s in S — H(f, f’). In this way, s(f, f’) acquires
the needed information to compute gy s and g ¢ in (35) in a
distributed manner.

We briefly describe the distributed implementation as fol-
lows.

Stag0: Initially, every user s randomly selects D; paths from
its path set J.

Stagl: User s randomly selects one path out of its not-
in-use |Jg| — Dy paths, and randomly selects one
path out of its Dy in-use path. User s then counts
down according to a random number and swaps these
two paths when the count-down expires. Denote the
current configuration as f and the targeting con-
figuration as f’. The random number is generated
following an exponential distribution with [parame-
ter (1, = Do) [exp (B Zyes-nisp Ry.pAv)| - where
2ises—Hf,r) Ry pAdy can be acquired in the following
way. For all s" in § and j € Jy ¢, user s adds
a header containing Ry yAdy to data packets before
sending them out along path j. Every router on path j
records the information of Ry sAy for every s’ whose
traffic passing through them. Assuming the reverse
direction traffic (e.g., ACK packets) uses the same
paths as forward direction traffic, the ACK packets
can collect the Ry rdy (s € S — H(f, f')) information
from the routers to user s.

Stag2: During the count-down, each user s also continu-
ously senses whether other users sharing the same
links undertake a path swapping. This can be done
by the users who swap paths leave an one-bit of
information at the router, and all users whose traffic
passing by this router can collect the bit of informa-

tion. If a user s senses a path swapping, it will reset
its counter and jump to Stagl.

Stag3: When user s’s count-down timer expires, it will swap
the selected two paths, and jump to Stagl.

Corresponding pseudocode is shown in Algorithm 1.

Algorithm 1 Implementation of Path Selection
1: The following procedure runs on each individual user
independently. We focus on a particular user s.

: procedure INITIALIZATION
Js.5 < Dy paths random picked from J
index « 0
Invoke Procedure Selection(s)

end procedure

A o

~

: procedure SELECTION(S)

8: randomly selects one path j(s) from J; ¢

9: randomly selects one targeting path j'(s) from J,—J s
10: acquires Y ves_pis.p) Ry sy

11: generates a timer
-1
exp (B Z R‘Y/,f/l_y/]:| }
s'€S=H(f.f")

and begin counting down

TS ~ eXp [(ljvl - Dv)

12: while the timer 7'y does not expire do

13: if Sense the existence of path swapping activity
then

14: index « 1

15: break

16: end if

17: end while

18: if index = 1 then

19: Terminate current countdown process and invoke
Procedure Selection(s)

20: index « 0

21: else Invoke Procedure Swap(s, j(s), j'(s))

22: end if

23: end procedure

24: procedure Swap(s, j(s), j'(s))

25: user s switches from path j(s) to path j'(s)
26: leave one bit information at routers along path j(s)
and j'(s)

27: end procedure

Next we establish that the above distributed procedure in
fact implements a time-reversible Markov chain with station-
ary distribution in (34).

Proof: By C1 and C2, we know that all configurations
can reach each other within a finite number of transitions,
thus the constructed Markov chain is irreducible. Further, it is
a finite state ergodic Markov chain with a unique stationary
distribution. Then we will show that the stationary distribution
is indeed (34).



Given the current configuration f, the user s(f, f') chooses
f' to be its targeting configuration by random selec-
tion,, then it counts down according to a random num-
ber that follows an exponential distribution w}th parameter
(|Js(f.f’)| - Ds(ﬁf’)) [exp (ﬁ Ly eS—H(f.f") Rs/,f/ls')] :

Now we want to compute the corresponding transition rate
qy.r-- We first compute the probability that user s(f, f”) selects
the path that leads to configuration changing from f to f’
as its targeting path. The number of combinations of new
targeting paths of all users is [[yc5(|Jy| — Dy ). Fixed the user
s(f, f) with path swapping, the number of combinations of
new targeting paths of all users is []yeg_(57.7 (/5| — Dy).
Thus the desired probability is

Pr(f — f’ with user s(f, f"))
_ yes—isir (sl = D)

(36)
Hyes (l-’s’l - Ds’)
1
= (37)
st = Dstrpy
Upon  selecting the particular path, the user
s(f,f?) performs the path switching 1with rate
(|Js(f,f’)| =Dy, f’)) [CXP (,3 Dy eS—H(f.f") Rs’,f/ls’)] : Thus

overall the transition rate from f to f’ is given by the
following equation

(5.1 = Dutr) [CXP (BZves-nir.p Re s /lf’)]_l
Vsirml = Dy

arr =

(38)

-1
= [exp [,8 > Ry, fAS,H (39)
s'eS—H(f.f")

With (34), we get that py-qrp = py -qp s, 1.€., the detailed
balance equations hold. Thus the constructed Markov chain
is time-reversible and its stationary distribution is indeed (34)
according to Theorem 1.3 and Theorem 1.14 in [14]. [ |

E. Solving Problem PS —MA by Running An Primal-dual
Algorithm over Markov Chain:

Following a procedure similar to that in Section III-C4, we
design a distributed stochastic primal-dual algorithm to pursue
the saddle points of the function in (33), on top of the Markov
chain implemented in the previous subsection, as follows

2m+ 1) = [z5(m) + €(m) (Ul zs(m)) = A(m))|,, Vs € §
(40)

Am + 1) = [Am) = €6m) (By(m) — 2 (m))],, ¥seS (41

where e(m) is the step size, f;(m) be the average service rate
user s actually obtains within the update interval T,,. Under
suitable choices of step sizes and update intervals, we establish
the convergence of the stochastic primal-dual algorithm (40)-
(41) with probability one in the following theorem

Theorem 3: The stochastic primal-dual algorithm in (40)-
(41) converges to the optimal solution of problem PS — MA

with probability one if the following conditions for step
sizes and update intervals hold: e(1) = T(1) = 1,e(m) =
W’ Tm =m, m2= 2.

The proof of this theorem 3 is very similar to the proof of
theorem 2. We omit details here.

V. CasE 3: CHANNEL ASSIGNMENT IN WIRELESS LANs

A. Settings

Consider a wireless 802.11 LAN with N access points (AP).
Each AP is associated with a set of clients that access the Inter-
net via this AP. In our setting, APs are connected via wireline
backbone, e.g., Ethernet, so that they can communicate with
each other with negligible cost. This corresponds to the case
where APs belong to the same administrative zone and can
coordinate. We assume the traffic and access patterns of the
clients are unknown to the APs, but do not change in time.
Each AP can choose one channel to operate from a set of M
available channels, denoted by C = {cy, ¢y, ...cy}. We define a
channel-assignment configuration as the vector indicating the
channel choice of every APs, i.e..f = [fi.f>,...,fv], where
fi € C denotes the channel choice of the i-th AP. Let ¥ be
the set of all feasible f.

Given a configuration f, the communications among APs
to their users competes for the wireless resources according to
standard 802.11 protocol. We denote the downlink throughputs
observed by AP i under configuration f to be le . Upon
observing R{ , AP i obtains a utility of U; (R{ ) We assume
function U; to be strictly increasing and concave, and twice
differentiable. The problem of finding the best channel assign-
ment to maximize system-wide utility, is as follows:

N
CA: maXsesr Z U; (R{) (42)
i=1

This problem is a combinatorial problem, and the size of
feasible set ¥ is very large even for a network of modest
size, making the problem hard to solve. Furthermore, even if
we could handle problems of this size, we may not know R{
a priori because they can only be measured in real time in the
field, and accurate analytical estimates of them are lacking 6:
Thus, we assume a measurement-based approach in which R{
is obtained from real-time measurements. We also assume that
the measurement interval is much smaller than the timescale
on which APs perform channel assignments.

Observing the difficulty to solve the problem CA directly,
we reformulate it to seek an alternative approach. Let p; be
the percentage of the time that configuration f is activated,
i.e., AP i chooses channel f;. We reformulate problem CA as

SIndeed, analytical expressions of R{ that fully account for the effects of
the carrier-sensing relationships among the links, hidden-node effects, back-off
collisions, and channel fading are particularly challenging and largely open.



follows:
N
CA-AVG: max,o > pr Y Ui(RI) (43
feF =l
S.t. Z pr= 1.
fer

We remark that the problem CA — AVG is still hard to solve
as the number of variables is still combinatorial.

B. Approach by Markov Approximation

We apply Markov approximation to this problem and turn
to solve the following new problem

N
W%OZWZMW%éZwmm<m

fer = =

S.t. prZ 1.

feF

Its optimal solution is given as: for all f in F,
el u(®)

r- V)
2 freF €XP (ﬁ X Ui (R,f ))
We consider a continuous time-reversible Markov chain
that has the stationary distribution as p’;. (f € ). We call
it channel-hopping Markov Chain. Its states are the feasible
configurations. Let g and ¢gp ; be the transition rates from

a state f to another state f’. To achieve the desired stationary
distribution, we follow OPT1 discussed in Section II-C, and

design
N
qff = [exp [,8 Z U; (Rf))
i=1

We do not consider OPT2-4 because for the AP-channel
assignment problem we study, they all involve probing perfor-
mance under targeting configuration before switching, which
complicates the system design.

(45)

-1
(46)

C. Implementation

We implement a channel-hopping Markov chain with tran-
sition rate in (46) as follows. Initially, APs randomly pick
their channels. Each AP keeps track of its own U,-(R{ ) based
on the measurement of le under current configuration f, and
periodically broadcast it to all other APs. This broadcast can
be done using local Ethernet broadcast.

Each AP also generates a random number following expo-
nential distribution with mean equal to

N
WFZMWWW—D
i=1

and counts down according to this number. When the count
down of an AP expires, this AP randomly switches to one of its
(M —1) not-in-use channels. This AP also informs the rest APs
to terminate their current count down processes and start fresh
ones using new measurements under the new configuration f’.
This AP also sends request to all other APs to broadcast their

(47)

10

new Ui(R{ ’) under f’. We name this implementation ‘“Wait-
and-Hop” algorithm for the ease of reference.

1) Pseudocode of the “Wait-and-Hop” algorithm: The
Pseudocode of the “Wait-and-Hop” algorithm is shown in
Algorithm 2.

Algorithm 2 “Wait-and-Hop” algorithm
1: // The following procedure runs on each individual APs
independently. We focus on a particular AP i.
2: // Define countdown (t;) = 1 if the timer of AP i with
initial value 7; expires; otherwise, countdown (t;) = 0.

Invoke Procedure Wait (f;)
: end procedure

3: procedure INITIALIZATION

4: C ={cy,ca,...cy)

5: fi < a channel randomly picked from C
6: flag < 0

7

8

9: procedure Wart(f) .

10: Measure Rif , compute and broadcast U; (Rf )

11 Collect U;(R!),je{{l,---,N} - i}

12: Generate a timer with initial value 7; that fol-

lows exponential distribution with mean equal to
exp (,8 IZV: Ui (R'l.f))/(M — 1) and begin counting down

13: whlille countdown (t;) = 0 do

14: if Received a RESET message then

15: flag < 1

16: break

17: end if

18: end while

19: if flag =1 then

20: Terminate current countdown process and invoke
Procedure Wait (f;)

21: flag < 0

22: else

23: Invoke Procedure Hop (f;, C)

24: end if

25: end procedure

26: procedure Hor(f, C)

27: f; < a channel randomly picked from C — {f;}
28: Broadcast a RESET message to other APs

29: end procedure

2) Correctness of the “Wait-and-Hop” implementation:
We verify that the “Wait-and-Hop” algorithm realizes a
continuous-time channel-hopping Markov chain with station-
ary probability shown in (45).

In the “Wait-and-Hop” algorithm, the state sojourn time
is exponentially distributed and the transition probability is
independent of time ¢, so the state transition process forms a
homogeneous continuous-time Markov chain.

Denote the probability that the process will enter state f’
when leaving state f by p; . Let L = M" be the number of



feasible channel assignment states and N (f) be the set of states
which are directly connected to state f. In the “Wait-and-Hop”
algorithm, the next state of f has equal probability to be any
state f where f’ € N(f). Specifically, since [N (f)| = (M—1)N
, we have

1 1
PR NG T =1
In the following, we show the “Wait-and-Hop” implementa-

tion realizes a channel-hopping Markov chain with transition
rate shown in (46).

2 Y e N(f). (48)

« First, all the transition rates of the channel-hopping pro-
cess are finite;

o Second, Vf,f" € ¥, f and f’ communicate with each
other. To see this, we transform the state transition dia-
gram of the channel-hopping Markov chain to a directed
graph G, in which the vertices represent the channel-
assignment states and the arcs represent the transition
edges in the state transition diagram, respectively. Now
it is sufficient to show that there exists a path on G
between f and f'.Vf, f" € ¥. Let m = SP(f, f’) denote
the length of the shortest path for the process to reach
state f” starting from state f. Then we construct a path
composed of a sequence of states f!,---, f!, such that
SP(f' [ =m=1,8P(f", f*) = m=2,SP(f", f"") = 1.
That is, starting from f, the process approaches state f”
by changing one element corresponding to state f’ upon
each transition.

« Third, the transition rate from state f to f’ satisfies (46).
Given the current state is f, according to the “Wait-
and-Hop” algorithm, all N APs count down with rate

N -1
M-1) (exp (,8 > U; (Rfr ))) . Consequently, the rate the
i=1

N -1
process leaves state f is N(M — 1) (exp (ﬁ > U; (R{ ))) .
i=1

With probabil.ity Prp = m the process j.urnps to state
f when leaving state f. Hence, the transition rate from
state f to state f’ is given by

N
m x N(M — 1)[exp BZ U; (Rf)])

fo)

i=1

Il
—_

(49)

With (45), we obtain p;qf,f/ = p;‘c,qfr, r- That is, the detailed
balance equation holds between any two adjacent states. Ac-
cording to [14, Theorem 1.2], the constructed Markoc Chain
is time-reversible and its stationary distribution is (45).

D. Evaluation

We evaluate the performance of the proposed “Wait-and-
Hop” algorithm through simulations. We set U;(-) = log(+)
and 8 = 10. We compare the performance of the “Wait-
and-Hop” algorithm with the MAXchop algorithm proposed
in [15]. Furthermore, as the benchmark, the optimal channel

assignment state is obtained by exhaustively searching the
feasible channel assignment states.

TABLE I
NorMALIZED THROUGHPUT AND UTILITY GAP OF THE ‘“WAIT-AND-HOP” ALGORITHM
AND MAXCHOP IN A SIX-APS CLIQUE NETWORK.

Link No. 1 2 3 4 5 6 AU
MAXchop 0.287 0.287 0.286 | 0.285 0.286 | 0.283 -3.860
Wait-and-Hop | 0.533 0.533 0.533 0.534 | 0.533 0.534 -0.113

1) Simulation Setup: We set up a wireless network in which
several APs are co-located with each other. Typical 802.11b
parameter settings are used in the simulation (i.e., M = 3).
Each AP tries to access the channel according to the standard
802.11 protocol. Besides that, each AP attempts to re-assign
its channel according to a Poisson process with rate shown in
(46). Upon each re-assignment, it randomly hops to another
channel.

For both the “Wait-and-Hop” algorithm and the MAX-
chop algorithm, we gather the statistics of two metrics: 1)
Normalized aggregate throughput; ii) System utility. Define
AT as the ratio between the achieved normalized aggregate
throughput and the optimal normalized aggregate throughput;
Define Utility gap, AU , as the difference between the system
utility achieved and the optimal utility. These two metrics
evaluate the throughput and fairness performance of different
channel assignment algorithms, respectively.

2) Aggregate Throughputs and Utilities: In this section we
compare the achieved normalized aggregate throughputs and
the achieved utilities of the “Wait-and-Hop” algorithm and
the MAXchop algorithm in networks associated with different
contention graphs.

a) Six-AP full clique network: In a network in which
six APs form a clique, it is easy to see that the optimal
configuration should one in which two APs share a channel. In
this way, each AP obtains half of the normalized throughput.
The normalized throughput of each AP and the utility gaps of
both algorithms are compared in Table 1.

As shown in Table I, the “Wait-and-Hop” algorithm can
achieve roughly 98% of the optimal throughput while MAX-
chop can only obtain 52%.

b) Eight-AP random networks: We generate ten eight-
AP random networks, in which each AP has on average three
neighbors. For each network, we implement both the ‘“Wait-
and-Hop” algorithm and the MAXchop algorithm and then
collect the ratios between the achieved aggregate throughput
and the optimal aggregate throughput, AT, as well as the utility
gap, AU. AT and AU of both algorithms are compared in Table
II. Averaging over ten networks, we find that the “Wait-and-
Hop” algorithm can achieve 90.42% of the optimal aggregate
throughput while the MAXchop can only obtain 64.47%. The
average utility gap of the “Wait-and-Hop” algorithm is -0.68
while MAXchop has a 4.06 utility loss.

In more details, we show two of these ten networks in Fig.
2.

In Fig.2(a), Network 1 is a three-colorable network. The
optimal channel assignment should guarantee that each AP



TABLE II
NormALIZED THROUGHPUT AND UTILITY GAP OF THE “WAIT-AND-HOP”” ALGORITHM AND MAXCHOP IN TEN EIGHT-APS RANDOM NETWORKS

Network Number #1 #2 #3 #4 #5 #6 #7 #8 #9 #10 Averaged
N MAXchop 3566 | -3.640 | 4011 | -5.652 | -4.033 | -2.144 | -4.088 | -4.023 | -3.867 | -5.561 4.058
v Wait-and-Hop 0564 | 0553 | -0.538 | -1.093 | -0.553 | -0.686 | -0.577 | -0.545 | -0.546 | -1.092 0,675
AT MAXchop 6631% | 6540% | 6647% | 52.17% | 65.60% | 80.73% | 63.99% | 66.39% | 63.80% | 53.97% | 64.47%
Wait-and-Hop OT.14% | 91.28% | 91.76% | 87.32% | 91.55% | 8947% | O1.18% | 91.19% | 91.44% | 87.36% | 9042%
that can yield distributed algorithms for solving the network
/A a1\ optimization problem approximately.
To illustrate our approach, we first apply the Markov
78\ approximation technique to the utility maximization problem
A A A A in the domain of CSMA networks. This example offers a fresh
(a) Network 1 (b) Network 2 perspective to a known distributed algorithm. Going beyond,
Fig. 2. Two random eight-APs networks we then show that the Markov approximation technique can

has a normalized throughput of one. In Network 2 shown
in Fig.2(b), since there is a four-APs clique and hence the
contention graph is not three-colorable. The optimal channel
assignment state should be such that two of the APs in the
four-APs clique share a channel and the other APs enjoy
an unshared channel. The achieved normalized throughput of
each AP of both algorithms for Network 1 and Network 2 are
compared in Table III and Table IV, respectively.

TABLE III
NorRMALIZED THROUGHPUT OF THE ““WAIT-AND-HOP” ALGORITHM AND MAXCHOP IN
NETWORK 1.
Link No. 1 2 3 1 5 6 7 3
MAXchop 0.79 0.24 0.48 0.61 0.49 0.42 0.42 0.72
Wait-and-Hop 0.93 0.80 0.88 0.90 0.86 0.85 0.85 0.92
TABLE IV
NORMALIZED THROUGHPUT OF THE ““WAIT-AND-HOP” ALGORITHM AND MAXCHOP IN
NETWORK 2.
Link No. 1 2 3 4 5 6 7 8
MAXchop 0.82 0.30 0.31 0.52 0.77 0.64 0.82 0.52
Wait-and-Hop 0.93 0.66 0.66 0.76 0.92 0.87 0.92 0.76

As shown in Table III and Table IV, on average the
“Wait-and-Hop” algorithm can achieve 87.32% of the optimal
aggregate throughput for Network 1 and 91.14% for Network
2. In comparison, MAXchop can only achieve 52.17% and
66.31% of the optimal aggregate throughput for Network 1
and Network 2, respectively. The utility gap of the “Wait-and-
Hop” algorithm for Network 1 and Network 2 are -1.09 and
-0.56 while the MAXchop algorithm has a utility loss of 5.65
and 3.57 for Network 1 and Network 2, respectively.

VI. CoNcLUSIONS
This paper has presented a Markov approximation frame-
work for solving combinatorial network optimization prob-
lems. In particular, we show that the log-sum-exp approxima-
tion of the optimal value of a combinatorial problem gives rise
to a solution that can be realized by time-reversible Markov
chains. These Markov chains usually have desirable structure

help us synthesize new distributed algorithms in new problem
domains. We illustrate this by applying the technique to design
new distributed algorithms with provable performance for two
important practical problems: 1) optimal path selection in
multipath transmission; 2) frequency channel assignment to
WLANSs. Based on the promising results out of our preliminary
investigation, we believe the Markov approximation tech-
niques will also find application in many network optimization
problems in other domains.

Note Simulated Annealing [16] also uses Markov chain
for algorithm design. The difference between our work and
Simulated Annealing is that we focus on designing distributed
algorithm to solve the optimization problem approximately,
while Simulated Annealing in general focuses on solving the
problem exactly using centralized algorithms.

APPENDICES
A. Proof of the Lemma 1

Proof: First, we will construct a continuous-time time-
reversible ergodic Markov chain and show that its stationary
distribution is p; (x) in (9). In particular, we construct a
continuous-time Markov chain Y with a finite state space ¥ .
We design the Markov chain Y such that any two states f and
f’ can communicate directly with each other, i.e., the transition
rate from f to f” is gy # O for any f, f' € . Furthermore,
for any f, f' € ¥, we set

-1
qrp =@ lexp (/3 D (f)ﬂ :

reR

(50)

Thus Y is an ergodic Markov chain with unique stationary
distribution. By (50) and (9), we can check that detailed
balance equations hold, by Theorem 1.3 and Theorem 1.14
in [14], we know that this Y is reversible, and its stationary
distribution is indeed p’)‘, (x) in (9).

Next, we will establish that for any continuous-time time-
reversible ergodic Markov chain X, its stationary distribution
7 can be expressed by the product form p} (x) in (9). For the
state-transition diagram for the Markov chain X, we map it to
an undirected graph G=(V,E), where the node set V = F is
the set of states and any edge e(i, j) € E,i, j € V represents
the state-pair (i,j) with g;; # 0.



Let the stationary distribution of state j be denoted by r;,
and transition rate from state j to state j’ is denoted by g; j,
then by detailed balance equation of time-reversible Markov
chain, we know that niqjy = Tjpqj.j- Let Pjj = q_,'!j//q.jf!j for
any g ; # 0, then n; = 7;p; .

Since X is an ergodic Markov chain, any two states can
reach each other within finite transitions, and G is a connected
graph. We can always find a spanning tree to connect all nodes
in G and there exists only one path between any pair of nodes.
Suppose we have constructed a spanning tree on G. Then we
denote the root state as state 0, and denote nodes in V as
state 1,2,...,|V] — 1, according to the result of the breadth-
first search on the spanning tree. Let PATH(O, i) be the path
between state 0 and the state i (1 < i < |V| -1 ), passing
m; + 1 number of states (including states 0 and i). We order
the nodes on the path PATH(O, i) according to their distances to
state 0, and denoted them as vO (0 < j <m;). Then according
to detailed balanced equations along the PATH(O, i), we have
the following:

m;—1
7T,'=7T0-1_[pv6#,v(;;1, 1<i<|VI-1 (51)
=0
V-1
o + m=1 (52)
i=1
Then we get the distribution
1
To = VIl 1 (53)
1+ Z I_I pV/ i+l
k=1 j 0 0.k OA
175" 4y i
= L , 1<i<|V]|-1 (54)
V-1 my—1
1+ Z H P,
k=1 j=0 0.k>70,k

We now verify the distribution computed based on the span-
ning tree , i.e., (53)-(54), is the correct stationary distribution,
by testing the detailed balance equations between any two
states j, j € V.

1) If g; = 0, then the detailed balance equation trivially
holds.

2) If g;; # 0 and the edge e(j, j') belongs to the spanning
tree, then by (54), we know that 7y = m;p;, i.e., the
detailed balance equation holds.

3) If gj7 # 0 and the edge e(j, /) does not belong to
the spanning tree, then we focus on the cycle con-
sisting of PATH(j', j) and e(j, j/). Starting from node
J/ =) ;. we can visit nodes V%, , 1 <k <mj;—1and
node j = vy f/' in sequence along the PATH(J', j). By
Kolmogorov’s criteria for time-reversible Markov chain
[14], we have

my j—1

pi= K+l
Pj.j | | P, v

k=0

(55)

By (54) and (55) we have

my ;=1

i 1_[
= Pk, kit =P
7Tj/ =0 JJ T

(56)

Therefore, the detailed balance equation between j and
Jj’ holds.

Combining above scenarios, we know that the detailed
balance equations between any two states j, // € V hold. So
the distribution shown in (53)-(54) is indeed the stationary
distribution.

Further, the stationary distribution 7 shown in (53)-(54) can
be expressed in the product form in (9) as follows:

exp(0)

V-1 =1
exp(0) + Z exp( >, logp, ’v&l)

Ty = (57)

-1
-
J_ 0,i

= T 1 1 <i<|VI-1. (58)
my—
exp(0) + Z eXP( 2, logp,; . )

So we get the desired conclusion. |

B. Proof of the Theorem 2

Before the further illustration, we need some notation. The
vector z and the vector A are updated at time t,,, m = 1,2,....
with ty = 0. Define T,, = t,+1 — t,y, and the “period m” as the
time between t,, and f,.;, m = 0,1,2,..... z(t), A(f) remain
the same in period m. Let z(m), A(m) be the value of z(z), A(¥)
for all ¢ € [t,, tu+1). To begin with, we assume z(0) = 1 and
A(0) = 0 for simplicity. Let 6;(m) = ¥ ;c; p7(BA(m)) denote the
link rate for link / in period m. Then let 6;,(m) be the average
link rate measured by link / within period m. For convenience,
we also let

Loz )= Y Uz)-D 4 ) zs—i- log {Z exp (BZ /1,]] :

seS leL s:les,seS feFr lef
(59)
Then the stochastic primal-dual algorithm is given as fol-
lows:

zim+ 1) = [z5(m) + €(m) (U} (z5(m)) = Tges 1)),
Vs €S user rates updating
Ay(m + 1) = [L0m) — e(m) (Bi0m) = X gies 2:m))],
VYl e L link prices updating
(60)

Where e(m) is the step size. In general, step size for both
source rate and link price updating should be at the same order,
though can be different. Here without loss of generality, we
use the same step size for both source rate and link price
updating.

In the following, we will show that the stochastic primal-
dual algorithm converges with probability one to the optimal
solution of MP — MA (26). Thus when 8 — oo, the stochastic
primal-dual algorithm (28) (or (60)) converges with probability
one to the optimal solution of problem MP (15).



Now we state the convergence theorem as follows, which
is similar to [17, Theorem 1].

Theorem 4: 1If the sequence of step size {e(m)} and the se-
quence of update interval {T,} satisfy the following conditions:

{T,,} is non-decreasing with m 61)
e(m) > 0Vm, Z:=1 e(m) = oo, Z:=1 ez(m) <o  (62)
D ey = 1,vm (63)
DU letmy- Y i) < oo (64)
DU letmy- D" €y Tm)/Ty] < o0 (65)

Where 7(m) = expl(5/2IL] + DPISlzmax ZiZ; €0) +
5/2|L|log2]. Here |S| is the number of users, |L| is the number
of links. Then by running the stochastic primal-dual algorithm
(28), z and A converge to Z and A respectively with probability
1. Here (Z, ;l) is the optimal solution to the problem MP — MA
(26).

Before the proof of this theorem, we state the following
proposition.

Proposition 2: The setting

1
€(m) = 1
mlogm

and T,, = m satisfies conditions (61),(62),(63),(64),(65). Fur-
ther, this setting only depends on the index m, and thus can
be generally applied to any network.

The proof of this proposition is given at the end of this
subsection.

Thus by theorem 4 and proposition 2, we prove that
theorem 2 holds.

Now we state the proof of theorem 4, i.e., the convergence
on the stochastic primal-dual algorithm.

Proof: In brief, we prove the convergence by showing that
the estimators of stochastic gradients in (60) are unbiased, a
standard method of stochastic approximation [18].

Let y%om) be the state of the CSMA Markov chain
at the beginning of period m. Define the random vector
U@m) = (@(m — 1), z(m), A(m), y°(m)) for m > 1 and U(0) =
(2(0), A(0), y°(0)). For m > 1, let F,, be the o-filed generated
by U(0), U(1),...,U(m), denoted by

Fm =0 (UQ),UQ),...,Um)).

m=1

m>2"

(66)

Given z(m), A(m) at the beginning of period m. Let the
vector f(m) be the gradient vector of Lg(z,d) with respect
to z, and the vector g(m) be the gradient vector of Lg(z, )
with respect to A. Then we have

fim) = U(zs(m)) = Yes i(m), Vs €S 67)
gi(m) = 0,(m) — ZSZ[ES zs(m), YlelL ’
However, in stochastic primal-dual algorithm (28), we only

have an estimation of g;(m) for all / € L, denoted by

g1(m) = 6,(m) — Z zs(m),¥l e L

s:les

(68)

Then VI € L, g;(m) can be decomposed into three parts:
&i(m) = gi(m) + (E[Z/(m)|F ] — g1(m)) + (8i(m) — E[Z/(m)|F]).

The first part is the exact gradient g;(m). The second part
is the biased estimation error of g;(m), denoted by

By(m) = E[gi(m)|F ;] = gi(m) = E[6i(m)|F] = 6(m)  (69)

The third part is a zero-mean martingale difference noise,
denoted by

m(m) = gi(m) — E[gi(m)|F] = 60m) = E[6,(m)|F,,]  (70)

Therefore,

&i(m) = gi(m) + Bi(m) + my(m), VI € L (71)
Remind that (Z, /Al) is the optimal solution to the problem
MP — MA (26). Thus (2, ) is a saddle point for Lg(z, ).
By using || to denote the Euclidean norm, we define the
Lyapunov function V(:,-) as follows:

V) 2lz -2 P+ A= (72)
For any given ¢ > 0, We also define the set
Hy 2 {(2,) : Ly(2, A) - Ly(z, ) < p) (73)

Since (2, 1) is a saddle point for Lg(z, A), it follows that

Ly(z, D) < Ly(2, D) < Ly(&, D) (74)
In the following, we need two steps to establish the conver-
gence result.

o Step 1: we will show that Yu > 0, H, is recurrent for
{z(m), A(m)}.

« Step 2: we will show that for a sufficient large number
m, and any n > m+1, {z(n), A(n)} will reside in H,, almost
surely.

Before the further illustrate of Step 1 and Step 2, we need
the following two lemmas. Proofs of them are given at the end
of this subsection.

Lemma 3: }Vith the condition (61),
Yoy le(m) - [A = Am)]" B(m)| < oo

Lemma 4: Let W(n) Z?;ll{e(i)-[/Al—/l(i)]Tq(i)}, then W(n)
converges with probability 1.

Step 1: Since

(62) and (65),

zs(m + 1) = [z,(m) + €(m) - fy(m)],, VseS
A(m + 1) = [4(m) — €(m) - gi(m)],, YIeL

by using the fact that the projection [-], is non-expansive
[9], we have

Il zim + 1) = 2 <l 2(m) + €(m) - f(m) - 2 |I*

= z(m) — 2 |I* +2e(m) - [z(m) — 21" f(m)
+€eXm) || fm) |



and with (71), we have
| AGm + 1) = A|P< || Am) — e(m) - gm) — A |I?
=l AGm) — A |* =2€(m) - [A(m) — A1 g(m)
+ €& (m) || gm) |
=1l AGm) — A | —2€(m) - [A(m) — A1 [g(m)
+ B(m) + n(m)] + €(m) || g(m) |
Since both || f(m) > and || g(m) ||*> are bounded, we can
write that || f(m) [|>< Cy and || g(m) |*< C3, where C; and C;
are positive constants. Using this and the above inequalities,
we have that
V(zim + 1), A(m + 1))
=l zim+ D=2 P+l Am+ 1) - 4|7
< V(z(m), Am)) + 2€(m) - [(z(m) — 2)" f(m)
— (A(m) = D" g(m)] - 2€(m) - [A(m) — A1 [B(m) + n(m)]
+€X(m) - (C + Cy) (75)

Assuming that (z(m), A(m)) ¢ H, (recall the definition of H,,
in (73)). Then we have

Ly(3, Am)) — Ly(z(m), A) = (76)

Since Lg(z,A) is concave in z and convex in A, f(m) and
g(m) are the gradient vectors of Lg(z, 4) with respect to z and
A respectively, it follows that

Ly(z(m), A(m)) — Lg(Z, A(m)) = (z(m) — 2)" f(m)
Ly(z(m), A) — Lyg(z(m), A(m)) = —(Am) — DT g(m)

(77)
(78)

By the summation of (77) and (78), and combining (76),
we have

(z(m) = 2)" f(m) — (Am) - D" g(m)
< Lg(z(m), A) — Lg(2, A(m)) (79)
< —u

Combining with (75) yields that
V(zim+ 1), A(m + 1))
< V(z(m), A(m)) - 2e(m)u
+2€(m) - [A = Am)]" [B(m) + n(m)] + €(m) - (C1 + C2) (80)

Further,

E[V(z(m + 1), Am + 1)) F]
< V(z(m), A(m)) —
+2€(m) - [A— Am)] [B(m)] + €(m) - (Cy + C2)

2e(m)u
(81)

By lemma 3 and condition (62), [|Z,{e(m) - [ —
Am)]" B(m)})| < oo and X,€*(m) - (C; + C3) < oo. Then by
supermartingale convergence lemma [19], we can conclude
that the set H, is recurrent for {z(m), A(m)}.

Step 2: By (75) we have that for n > m + 1,
V(z(n), A(n))
n—1 . . AT oo
< Vizm), Am) +2 " {e(i) - [(2(0) = 2 f()
A0 = DT gD +2 3 ey - [~ AV IBG) + n)])
(RS ) YN0 (82)

Since (C1+C2) T2, €(i) < 0, T2, [e(d)-[A-AD] B()| < o
by lemma 3, and X2, |e(i) - [A - A1 (i) < co by lemma 4 ,
then

lim (C; + Cy) Zim &) =0 (83)
lim Zim le(i) - [A = A()]TB(i)| = 0 (84)
Tim 7 e(i) - (A= D) (i) = 0 (85)

Combining (83), (84), and (85), we know that with prob-
ability 1, for any ¢ > 0, after (z(m), A(m)) returns to H, for
some sufficiently large m (due to recurrence of H,),

230!

e(i) - [A— AD)IT[BG) + n(i)]}

)Y )<< (86)
forany n > m+ 1.
Combining (74) and (79), we have that
[(2() - &) f() = (A0 - D g(D] <0 (87)

Therefore, applying (86) and (87) to (82), we have
V(z(n), A(n)) < V(z(m),Am)) + ¢, ¥n > m + 1.

Thus (z(n), A(n)) can not move far away from H,,. Since this
holds for H, with arbitrarily small 4 > 0 and any J > 0, it
follows that (z, 1) converges to the optimal solution (Z, /Al) with
probability 1. This concludes the proof. |

Proposition 2:The setting

1
e(m) = .
mlogm

and T,, = m satisfies conditions (61),(62),(63),(64),(65). Fur-
ther, this setting only depends on the index m, and thus can
be generally applied to any networks.
Proof-
First, T,, = m satisfies condition (61).
Second, for all m, e(m) > 0, we have

o o0 1
Zm:l eom =1+ Zm=2 mlogm

m=1
m>2’

<1 . 100
Zfz ilogidl = loglogily’ = oo, (88)
and
0 &
m)=1+

Z ( ) Zm 2 m2 log m

1 1
<le Y PR



Thus condition (62) holds.

Third, since e(m) > 0 Ym and €(1) = 1, then condition (63)
holds.

Fourth, Ym > 2, we have

Z'," )< 1+ + f
i=1 P

where ¢4 = 1+ —loglog2 > 0. Thus

di = c4 +loglogm (90)

2log?2 ilogi

210g2
o0 c c4 +loglogm
Z, [e(m) - Z e <1 +Zm , 4 mrlogm 2
¢4 +loglogm

1 0 ,
<1+ — -Zmzz[—m ]

log=2
oD
When m > M for a sufficiently large M,
[cs + loglogm]2 <m'’?,
thus we have
SN S Y < )

Therefore, condition (64) holds.
Fifth, Vm > 2, we have

7(m) = expl(5/2ILl + DBIS max .. €) + 5/2|L{log2]

5 5
< exp[(§|L| + 1) - BIS |Zmax - (c4 + loglogm) + §|L| -log2]

= ¢s - (logm)®, (93)
where
5 5
¢s = expl(GILI+ 1) - BIS [zmaxca + SIL| -log2] >0 (94)
and cg = 3|L| + 1) - BIS |zmax > 0. So
D lemy- Y e Tm)/ Tyl
=t(1)+ ), lelm)- Y €i) - T(m)/T]
o (¢4 + loglog m)(log m)“s
< .
6 Zm:Z m2 log m ©35)
When m > M for a sufficiently large M,
(c4 + loglog m)(log m)“s < m'/?.
Therefore
Zoo (cq4 + loglog m)(log m)“
m=M m2logm
- ml/?
< _
- Zm:M m2 log M
1 o0 1
- Zsz —5 < (96)

Therefore condition (65) holds.

Similarly, if we keep the choice of e(m) and Ilet
T, = m* for any positive constant x. Then conditions
(61),(62),(63),(64),(65) still hold. |

Lemma 3f With the condition (61), (62) and (65),
S le(m) - [A = Am)) Bm)| < oo

Proof:

In the following, we consider the period m, i.e., from t,, to
tm+1. At time t, with the transmission aggressiveness vector
A(m), denote the corresponding CSMA Markov chain by Y(#).
Y(t) is a continuous time Markov chain.

Each state y is a |L|-dimensional vector, with [-th element
v € {0, 1} denote the capacity of link / at state y, VI € L. The
number of states is |Y| < 2/H.

By (21), Yy, the stationary distribution of state y is

exp (8 Xier Vi /ll) _ exp(;BZleL Vi /11)
Yy exp (B Lier y) A1) C(Am))
7
Where C(A(m)) = ¥,y exp (B Xie ¥) 41)-
Since A(m) > 0, CAm) < YexpBl'Am)) <
<

2 exp(B1” A(m)).
Thus the minimal probability in the stationary distribution

”y(l(m)) = py(ﬁ/l) =

X 1
Tmin(A(m)) = C(/l(m))
= exp(—|L| - log 2 — g17 A(m)).

min 7, (A(m)) >
y

On the other hand, by (28), we have that

A(m+1) < A(m)+e(m) Z z25(m) < A)(m)+€(m) |S | Zmax, Ym, 1

s:les

Where zna.x = max z,(m). Recall that 4;(0) = 0,V € L, then
m,s

Am) <181 zmas Y €@ VIEL (98)

Thus
Tonin(A(m)) = exp(~|L| - 1og 2 = BILIS omx ) . €(0)
= oxp(-IL) - (log2 + BlS lzmes Y, €()  (99)

To utilize the existing bounds on convergence to the station-
ary distribution of discrete-time Markov chain, we uniformize
the continuous-time Markov chain Y(#). Uniformization [20]
plays the role of bridge between discrete-time Markov chain
and continuous-time Markov chain.

Let the transition rate matrix of Y(#) is denoted by
0={0(y,y")}. Construct a discrete-time Markov chain Z(n)
with its probability transition matrix P= I +Q/v,,, where [ is the
identity matrix. Then consider a system that successive states
visited form a Markov chain Z(n) and the times at which the
system changes its state form a Poisson process N(t). Here
N(t) is an independent Poisson process with rate v,,. Then the
state of this system at time ¢ is denoted by Z(N(t)), which is
called a subordinated Markov chain.

Let

= L] exp(BIS lemax Y . €(0). (100)

Since ¥y,y’, Q(y,y") < exp(BAi(m)) < exp(BIS |zmax Xiz; €()),
and y can at most transit to |L| other states, thus 2., O(y,y") <
IL| - exp(BIS|zmax 2iv; €(@) = v,. Then by uniformization
theorem [20], Y(#) and Z(N(t)) has the same distribution,
denoted by Y(1) £ Z(N(1)).



Now let the vector w,,(f) = {w,,(t,y)} be the probabilities of
all states at time t,, +¢ (0 <t < T},), given that the initial state
at time t,, is y°(m) and that the transmission aggressiveness
during period m ([t,;, t,n+1)) are A(m). Let y(z,, + ) be the state
at time t,, + ¢, then

E[6(m)|F,]]

T’”
_ B f 1 10tn + 1) = Dt/ Ty)
0
T
=f 1 PQy(ty +1t) = Ddt/T,
0

Ton
_ f Eyi(tn + OF 1t/ T
0

Tm
=f DUV e,y T,
0 7
y
Tm
=ZY’~f Ww(t,y")dt[ Ty,
v 0

= > @) (101)
.

Where @,,(y") = fOT wp(t,y)dt/T, is the time-averaged
probability of state y” in the interval.

Since the initial distribution is concentrated at a single
definite starting state y°(m), we denote this distribution by Oyo.
We let my0(A(m)) be the probability of y°(m) in the stationary
distribution of Y(z). Let m(A(m)) = {x,(A(m)} be the stationary
distribution of Y(t), then by uniformization theorem [20],
7w(A(m)) is also the stationary distribution of Z(n).

We use || ||7v to denote the total variation distance between
two distributions [21], which satisfies triangle inequality. We
use p; to denote the second largest eigenvalue of transition
matrix P. Thus for reversible discrete-time Markov chain Z(n)
with transition matrix P, and for any n > 0 ,we have the
following inequality [21]:

. 1 1 - ﬂyo(/l(m)) 1
6y P" = mAmDllry < 53| = TR0 b

Therefore,

llwn(r) — a(A(m))liry

(vm?)"

=1y o SXPVut)ou P~ aAm)iry

0 (vmt)” 7
< Y exp(unlse P = mAmlry

1 [1=mp(A(m)) (V)"
2\ mpom) DI

! fl — myo(A(m))
=3 W - exp(—vu(1 — p2)t)
< ! 7 /; - exp(=vu(1 = p2))

2 ﬂmin(/l(m))

< exp(~ Vi)

Further,

om — T A7y (102)
T”I
1 [ wntt) = mQm Tl
T

< f lom(®) — 2(Am)rvdi/T,

0

1 1 1
! 103
=2\ Zoin A0 v(1 = )T, (103)

Now we bound p, by Cheeger’s inequality [21]

p <1 - ¢/2
Where ¢ is the “Conductance” of P, defined as

F(N,N°)
min — <
NcQa(N)e(0,1/2] Tty (A(m))

¢é

Here Q is the state space, my(A(m)) = Zyen my(A(m)) and
F(N,N°) = Zyenyene my(Am)P(y, y).
Thus

> min F(N,N°)
NcQa(N)e(0,1/2]

= yiy’,rlgl(iyl,ly’)w Fo.y)
=, min my(Am)P(y,y")
> myin Tty (A(m)) /v
= Tmin(A(m))/ Vi
then

1 2 -
=5, S 7 = 2 valmmn(AGm)I .

Combing (104), (99) , (100) with (103), it follows that

(104)

llwm — 7(A(m)llry

< ;—";[nmmwm»rm

= (LI/T) - expl(S/2ILI + 1BIS lomax . €(i) + 5/2IL|log?2]
= (L) T0m)/ T,y

So by (69) and (101), we have
|Bi(m)| = |E[6(m)|F ] — 6(m)|
=1y @) = )Y - mp ()]
Y Y

<2 lom — m(Am)liry
<@L -tm)/T,,, ¥l € L

Since VIl € L, /Al, is bounded and ;l; < 7 for some 7 > 0, then
with (98), we have

L= A0 < F+1Slamar Y €@Vl € L



Therefore
S letmy - (2= A Bom)
S2ALP D' ) [P+ IS s - €D 700/ T,

< o0

where the last step follows from condition (61), (62) and

(65).
|

Lemma 4: Let W(n) = ?gll{e(i)‘ [/Al—/l(i)]Tn(i)}, then W(n)

converges with probability 1.
Proof:

First, we prove that W(n) is a martingale. By (66) and (70),
we know that p(n — 1) € 7,, E[p(n — 1)|¥,-1] = 0. Further,
Vi e L, |pi(n)| is bounded and |r7;(n)| < ¢3 for some c3 > 0. Thus
W) € F,, ElW(n)| < oo,¥Yn and EIW(n)|Fp_1) — W -1) =
€n—1)-[A=An - DI"E[n(n - D|Fu-1] = 0.

Then we prove that sup, EW®)?) < .

Since Vil e L, ;l, is bounded and /Al, < 7 for some 7 > 0, then
with (98), we have

T = AV 9| < L) - 517 + IS lamax . €]
Thus
sup E(W(n)?)

sup > Efletm) - [1 - Am))" n(m)1?)

< S Efletm) - [A - Am)) qom)P)

< D AemPILPSIF+1S e ), | €}
< 00

where the last step follows from condition (63) and (64). By
Martingale Convergence Theorem [18], W(n) converges with
probability 1. u
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