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Abstract—We study the optimal usage-based pricing problem
in a resource-bounded network with one profit-maximizing ser-
vice provider and multiple groups of surplus-maximizing users.
We first analytically derive the optimal pricing mechanism that
the service provider maximizes the service provider’s revenue
under complete network information. Then we consider the
incomplete information case, and propose two incentive com-
patible pricing schemes that achieve different complexity and
performance tradeoff. Finally, by properly combining the two
pricing schemes, we can show that it is possible to maintain a
very small revenue loss (e.g., 0.5% in a two-group case) without
knowing detailed information of each user in the network.

I. INTRODUCTION

Since Kelly’s seminal work [1] [2], pricing has been widely
adopted to study various resource allocation problems in
communication networks. The past decade has witnessed its
development from the original application in Transmission
Control Protocol (TCP) to the more general framework of
Network Utility Maximization (NUM) theory [3]. In various
NUM formulation, prices mainly serve as indicators of the dual
variables of the network optimization problem, and coordinate
the system resource allocation to maximize the social welfare
(e.g., the summation of all users’ utilities).

In reality, however, a selfish network service provider (SP)
is more likely to set prices to maximize its own revenue. This
is the focus of this paper and we try to answer the following
two questions:

1) Given complete information of the network users, how
should the SP set the revenue maximizing prices?

2) If only partial (e.g., statistical) information is known,
how should the SP set prices to achieve (close to)
optimal revenue?

To make the study concrete, we study the revenue max-
imization problem of a single resource-limited SP facing
multiple groups of users. Each user determines its optimal
resource demand to maximize the surplus (i.e., the difference
between its utility and payment). The SP chooses the prices
to maximize its revenue, subject to limited amount of total
resource.

The key results and contributions of this paper are as
follows:
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e Optimal pricing scheme under complete information: we
show that the optimal pricing scheme involves price
differentiation of various user groups with a water-filling
solution structure. Although this result is not surprising
from a microeconomic point of view, several interest-
ing properties derived from the optimal pricing scheme
provide important insights for designing (sub-)optimal
pricing schemes under incomplete information.

o Incentive-compatible nonlinear pricing with incomplete
information: when the SP knows the statistical network
information but not each individual user’s utility function,
we design a nonlinear (piecewise linear) pricing scheme
that encourages each individual user to choose the same
quantity and price as in the optimal pricing scheme under
complete information. We provide the necessary and
sufficient conditions under which such scheme achieves
the optimal revenue.

o Linear pricing scheme with incomplete information: we
further simplify the pricing mechanism and derive the lin-
ear pricing, which shares a similar water-filling structure
as the optimal pricing differentiation scheme, but can be
implemented much more easily.

o Bounded revenue loss in the incomplete information case:
by using a combination of the nonlinear and linear pricing
schemes, we show that the revenue loss is negligible
(e.g., less than 0.5%) in the two-group case. This shows
that with a properly designed pricing mechanism, we can
achieve the close-to-optimal revenue without knowing the
detailed information of each user in the network.

Our paper is the first paper that analytically solved the
usage-based pricing revenue maximization problem for a
resource-constrained monopolistic service provider, under both
complete and incomplete information scenarios. Our system
model is somewhat similar to that considered in [4], which
focused on the bandwidth allocation in a single link network.
Reference [4] focused on the congestion-limited case where
the performance penalty goes to infinity when the total re-
source usage is close to the link’s limited capacity. As a result,
the resource constraint is never reached in [4]. In contrast,
we consider the case where the total resource can be fully
allocated to all users, which leads to a water-filling solution
structures in all three pricing mechanisms. The other difference
is that we focus on presenting the solution for a network with
an arbitrary finite number of users, whereas [4] focused on
presenting nice insights in the asymptotic case of many users.

Recently [5] proposed the novel concept of price of simplic-



TABLE 1

A COMPARISON OF THE PRICE OF SIMPLICITY

Price of simplicity

Flat entry pricing

Usage-based linear pricing

Reference

Recent Work [5]

This Paper

How to solve the
SP’s problem?

search the
marginal user

search the threshold of
a water-filling solution

O(M), where M is the

O(I), where I is the total

Complexity total number of users number of user groups
Admission control Needed Not needed

Resource forced by SP based on users’ local
allocation optimizations

Loss performance

bounded (<13%)

might be high in some case

ity, and showed a single entry fee only leads to small revenue
loss compared to the price differentiation strategy in many
interesting cases. While whether network should be charged
based on fixed entry fee or usage-based prices has long been
a subject of much controversy, our result of linear pricing can
be viewed as a parallel result of “price of simplicity” for the
usage-based pricing. Table I shows the comparison between
our paper and [5].

Other work of pricing and revenue management in commu-
nication network includes [6]-[8]. Much of this work focused
on the study of the interaction between different service
providers embodied in the pricing strategies, rather than to
design the pricing mechanism as considered in this paper.

In the next section, we introduce the system model and
analyze the optimal pricing scheme. Based on this result,
in Section III, we study two incentive compatible pricing
schemes, and provide both analysis and numerical results
for the revenue loss between them and the optimal pricing
schemes. The paper is concluded in Section IV.

II. SYSTEM MODEL AND OPTIMAL PRICING UNDER
COMPLETE INFORMATION

We consider a network with a total amount of .S’ limited re-
source'. The resource is allocated by a single service provider
(SP)toaset Z ={1,...,1} of user groups. Each group i € Z
has N; homogeneous users.? Each user in group 4 has the same
utility function:
where s; is the allocated resource to that user and 6; represents
the willingness to pay of group ¢. Without loss of generality,
we assume that 61 > 0y > > 0;. Here we choose
the logarithmic function so that we can express quantities of
interest in closed forms. We feel that the insights we gain by
using this simplification justify it. Generalization of the utility
functions will be discussed in Section II-C.

We consider two types of information structures:

o Complete information: the SP knows each user’s utility

function.

e Incomplete information: the SP knows the total number of
groups I, the number of users in each group V;s, and the
utility function of each group u;s. It does not know which
user belongs to which group. Such statistical information
can be obtained through long term observations of a
stationary user population.

IThe resource can be in the form of rate, bandwidth, power, time slot, etc.
2A special case is N;=1 for each group, i.e., all users in the network are
different.
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Fig. 1. A two-stage system model

The interaction between the SP and users can be charac-
terized as a two-stage process shown in Fig. 1. The details
depend on the information structure of the SP. In this section
we will consider the case of complete information. In this case,
the profit-maximizing SP decides the price p; and admitted
number of users n; for every group ¢ in the first stage. In the
second stage, an admitted user in group ¢ chooses the resource
quantity s; to maximize the difference between its utility and
payment, i.e., the surplus. We will analyze the process using
backward induction.

A. User’s Surplus Maximization Problem in Stage 2

If a user in group ¢ is admitted into the network in stage
1, then it solves the following surplus maximization problem
under a fixed price p;,

max u;i(8i) — pisi

which leads to the following unique solution

si(pi) = (f?i - 1>+,

where (z)* = max(z,0).

B. SP’s Pricing and Admission Control Problem in Stage 1

The SP’s problem in the first stage can be formulated as
Problem P,, with an objective of maximizing its revenue
subject to the limited total resource. The key idea is to perform
price differentiation , i.e., charge each group ¢ with a different

price p;.
E niPiS;
i€T

0; *
s.t. §; = (Z—1> , 1 €T, )

DPi
n; €{0,...,N;} , i €T, 3)
4)

Z n;S; S S
icT
p>0,n
where p and n are vector forms of p;s and n;s. We use the bold
font denote the vector in the sequel. Constraint (3) represents
the admission control, and constraint (4) represents the total
limited resource in the network.

Problem P, is hard to solve directly, since it is is a non-
convex optimization with a non-convex objective (summation
of products of n; and p;), the coupled constraint (4), and
integer variables m. However, it is possible to transform it
into an equivalent convex formulation. According to (2), there
is no need for the SP to set p; higher then 6; for users in

Py max

variables :



group 7; otherwise users in group ¢ will demand zero resource
and generate zero revenue. This means that we can rewrite
constraint (2) as

0
pi = 11andsi20,i61. )

Sq
Plug (5) into Problem P, we have the following equivalent
problem representation:

P max Zm O Sz
1€L Si 1
S.t. nie{O,...,Ni}, 1€l
ZniSi < S
ieT
variables: s >0, n

Note that for a given n, the objective function in Problem P; is
strictly concave in s. We can solve Problem P; by sequentially
solving two sub-problems:

1) the resource allocation problem: for a fixed n, maximize
the objective over s.

2) the admission control problem: plug the solution of
the resource allocation problem, then maximize the
objective over n.

The solutions are summarized in the following lemmas (de-
tailed proof in [9]):

Lemma 1: Given admission control decision n, the unique

optimal solution of the resource allocation problem in Problem

P1 is
+
sjz(\/gi—l) , ieZ, (6)

where \* is the unique solution of the weighted water-filling

+
problem ) n; (,/e)j — 1) =S.

The wlaetgr—ﬁlling problem in general has no closed-form
solution. However, we can efficiently determine the water-level
by exploiting the special structure of the problem. Note that
since 1 > 05 > --- > 0y, the water level \/% must satisfy the

Zf( 1 ni(,/i —1) =S, for a threshold
value K where ?\If > 1 and 01;:’1 < 1. This leads to the

following simple algorithm to search A*:

Algorithm 1: denote k as the iteration index.

o Initiation: k = I,

o Step I: calculate A\(k) = (

o Step 2: check whether 6 > A(

- If NO, k — k — 1, GO TO Step 1;
- If YES, K < k and \* < A(k).

e Termination: RETURN K and \*.

Since 6; > A(1) holds, the algorithm always stops and
returns the exact value of A*. The complexity is O(I), i.e.,
linear in the total number of user groups (not the total number
of users). Similar algorithms for solving different types of
water-filling problems have been proposed in [10], [11].

After finding K and \*, we can update the solution of the
resource allocation problem in (6) as

0 1 i .
S?Z{’/AB 1 i=1,2,....K; o

otherwise.

following condition:

The threshold structure implies that the resource is allocated
to the higher willingness to pay users with priority under the
optimal pricing scheme. By the Algorithm 1, we have \* =

K
M Thus the threshold condition 25 > 1 can be
S+t ng A
equivalently written as /0 > # Since 61 > 65 >

- > f0g_1 > Ok, we can der1ve 'the f0110w1ng necessary
condition at the threshold,

1/ >7
S+Zi[<:11”i

Now let us consider a case where n; (for a group index i
less than K) increases to infinity, in which case formula (8)
will definitely be violated. This means that K is no longer
the threshold group index in this limiting case, Therefore,
we see that whether a group K user can receive resource or
not is determined by the numbers of the users in the groups
with higher willingness to pay. If there are too many high
willingness to pay users, then the low willingness to pay users
will not be allocated any resource.

Now let us consider the admission problem of determining
the optimal n*, which can be solved based on Lemma 1.
We can prove that the objective of this integer variable
maximization problem is strictly increasing in n;, V i < K
and in independent of n;, V ¢ > K (detailed proof in [9]).
Therefore, we have the following lemma3:

Lemma 2: Tt is optimal to admit all users in the network in
Problem Py, ie., n; = N;, 1 € L.

By Lemma 1 and Lemma 2, we can obtain the optimal
solution of the SP’s Problem Fj:

Theorem 1: An optimal solution of Problem P is

OKx—1. ¥

e Admission Control:
n; =N;, i€ 9
o Optimal pricing:
*_{ VO, i=1,2,... K, (10)
pi = 0;, otherwise.
where A\* and K can be obtained by Algorithm 1 by
ni=N,;,1€T.

Theorem 1 provides the right economic intuition: SP max-
imizes its revenue by doing price differentiation, by charging
a higher price to users with a higher willingness to pay. It
is easy to check p; > p; for any ¢ < j. Moreover, prices for
groups larger than K are so high that the users in these groups
will receive zero resource.

There are several other interesting properties of the optimal
pricing scheme. For example, the resource constraint (4) is
always tight, which means the resource allocation is Pareto-
optimal under the optimal pricing. Moreover, (9) shows that
the SP should not perform any admission control, since
the users have elastic data applications and the revenue is
increasing in the number of the admitted users. Finally, the
optimal prices can be viewed as congestion indicators of the
scarce network resource. From (7) and (10), it is easy to see

3We note that there are several optimal solutions to the admission control
problem of Problem P4, since for a group ¢ > K we can set n to be any
integer no larger than NV;. But any user from such a group will request zero
resource, and thus it is enough to consider the case where all users from all
groups are admitted.



that the p;, (V 4 € 7) increases and resource s}, (V i < K)
decreases as any the number of users n}, (V ¢ < K) increases.

C. Optimal Pricing under General Utility Functions

It is possible to solve the optimal pricing problem Py
under general utility functions, with the following two classes
explained in more details in the technical report [9]:

e u;(s) = B;u(s), where u(s) is a strictly increasing and
concave function (not necessarily logarithmic) with some
mild technical conditions. This includes the well studied
a-fair utility function [12].

o u;i(s) = 6;log(l + h;s;), which is motivated by the
Shannon capacity in wireless communication networks
where s; is the allocated downlink power and h; is the
normalized SNR per unit power. Notice that if each group
contains only one user, then this models a general wire-
less network where every user has arbitrary willingness
to pay and channel condition.

III. INCENTIVE COMPATIBLE PRICING SCHEMES UNDER
INCOMPLETE INFORMATION

The optimal price differentiation pricing mechanism in
Theorem 1 can only be implemented if the SP knows the
complete network information, i.e., knowing which group each
user belongs to and charging accordingly. In the case of
incomplete information, however, a user in group ¢ can pretend
that it is a user of group ¢(> 7) in an attempt to be charged
with a lower price. Thus it is important to design incentive
compatible pricing schemes such that a user does not have the
incentive to lie about its true type (i.e., which group it belongs
to). Here we will design two pricing mechanisms (nonlinear
and linear) that are incentive compatible and lead to zero or
small revenue loss when properly used.

A. Incentive-compatible Nonlinear Pricing

We first design a nonlinear pricing scheme that mimics the
optimal price differentiation in Theorem 1. Since there are only
K groups of users receiving non-zero resource allocations in
Theorem 1, we propose a nonlinear price menu with K prices,
p] > p5 > --- > pj. These prices are exactly the same
optimal prices that the SP would charge for the K groups as
in Theorem 1. Note that for the K + 1,..., 1 groups, all the
prices in the menu are too high for them, then they will still
demand zero resource. Since we know that a user with a higher
#; will demand more resource under the optimal pricing, we
divide the quantity into K intervals by K — 1 thresholds,
Spp > SH > > sf,(l_l. The complete incentive compatible
nonlinear pricing mechanism is specified as follows:
i when s > s},

D5 when s}, > s > s2,

pn(s) = (1)

D when 8{;71 >s>0.
Under this new pricing scheme, the SP publishes the quantity-
based price menu (11), and allowes the users to freely choose
their quantities. As showed in Fig. 2, the price is a piecewise
linear function in quantity s. In contrast to the traditional

price .
T ’_.’r —
P ?

resource
J ' ' »

Fig. 2. Nonlinear pricing mechanism: where the prices satisty p} > p3 --- >
P and are set as the same as the optimal pricing. sgg s(@g=2,...,K)are
the thresholds for this piecewise-linear pricing scheme. To mimic the same
resource allocation as under the optimal pricing mechanism, one necessary
condition is s%* > sy for all g, where s} is the corresponding resource

th
allocation under the optimal pricing mechanism.

surplus
aIn(1+s)—pys
6In(1+s)-p';s

resourcg
1 2 3 a

Fig. 3.  When the threshold sgh_l < 834, the group ¢ user can not obtain

U(s},p}) if it chooses the lower price pg at a quantity less than s~ 1

Therefore it will automatically choose the high price p} to maximize its
surplus.

volume discount, the nonlinear pricing mechanism implies
a larger unit price for a larger quantity. This is motived
by the optimal pricing in Theorem 1, and the quantity is
used as an index of the user’s willingness to pay to make
the users self-differentiated. The key challenge here is to
properly set the quantity thresholds so that users are perfectly
segmented through self-differentiation. This is, however, not
always possible. Next we derive the necessary and sufficient
conditions to guarantee the perfect segmentation.

Let us first study the self-selection problem between two
groups: group ¢ and group ¢ with ¢ < ¢. Later on we will
generalize the results to multiple groups. Define U;(s;p;) as
the surplus of a group 4 user when it is charged with price py:

Ui(s;pZ) =0;In(1+s)— sz.

If we still use s; to denote the optimal resource allocation
under the optimal pricing as in Theorem 1, then we have

* ey
s = argmax U;(s;; pi).
Sizo

We use s;_.4 (with ¢ < ¢) to denote the quantity that satisfies
the following relationships,

{ Ui(siq; 0}) = Ui(s}; ) (12)

Si—q < 5.

In other words, when a group ¢ user is charged with a lower

price p; and demands resource quantity at s;,, it achieves the

maximum surplus as under the optimal pricing p}, as showed
in Fig. 3.

To maintain the group ¢ users’ incentive to choose the higher
price p; instead of p;, we must have sfh_ < Si—q>» Which
means a group ¢ user can not obtain U (s}, p}) if it chooses a
quantity less than s{, ' In other words, it will automatically
choose the higher (and the desirable) price p; to maximize its
surplus.

On the other hand, we must have sffh_ ! > 52 in order to
maintain the optimal resource allocation and allow a group ¢
user to choose the right quantity-price combination (illustrated
in Fig. 2).



Therefore, it is clear that the necessary and sufficient
condition that the nonlinear pricing mechanism under incom-
plete information achieves the same maximum revenue of the
optimal pricing under complete information is

Sq < Sing, Vi<qVqe{2,...,K}. (13)

Solving these inequalities, we can obtain the following theo-
rem (detailed proof in [9]).

Theorem 2: For any fixed total resource S and user pop-
ulations {Ni,..., Nk}, there exists unique thresholds of
{t1,...,tx—1}, such that the nonlinear pricing achieves the
same maximum revenue as in the complete information case if

>ty forqg=1,.

9 , K — 1. Moreover, t, is the unique
q+

solution of the equation ¢ In ¢ —
1) = 0 over the domain ¢ > 1.

We want to mention that the conditions in Theorem 2 is
necessary and sufficient for the case of K = 2 active groups*.
For K > 2, it is difficult to precisely solve (13) and thus
Theorem 2 is sufficient but not necessary.

The following result immediately follows Theorem 2.

Corollary 1: The tgs in Theorem 2 satisfy t; < ;.00 for
qg=1,..., K —1, where t,,,t =~ 2.21846 is the larger root of
equation t?Int — (2 — 1) = 0.

When the conditions in Theorem 2 are not satisfied, there
may be loss in terms of the SP’s revenue. Since it is difficult
to explicitly solve the parameterized transcend equation (12),
analytically characterization of the loss is not yet possible.

To tackle this difficulty, we introduce the linear pricing
mechanism next. This can be viewed as a degenerated case of
the nonlinear pricing. There is no issue of truthful revealing of
group types, since all groups are charged with the same unit
price. It is clear that in general the linear pricing scheme will
suffer a positive revenue loss by giving up price differentiation.

2 t> ) _ Np+Ngy1
-+~

B. Linear Pricing Scheme

Let us consider the following problem where the SP maxi-
mizes its profit by setting the same unit price p to all groups:

Py, : max pZm,si
i€T
0. +
s.t. si:(z—l) , 1€
p
n, €4{0,...,N;} , i €T
i€T
variables: p >0, n

After transformation, we find this problem is equivalent to the
weighted water-filling problem Z N; ( —1)T = S. Thus we

can obtain the following 0pt1ma1 solutlon that shares a similar
structure as the optimal pricing with complete information.

Theorem 3: An optimal solution of the linear pricing prob-
lem P, is:

o Admission control: n; = N;, 1 € T.

4There might be other groups who are not allocated positive resource under
the optimal pricing.

Ko
0 N,;0;
) _ Ezzl v where

Ky < I is a positive integer satisfying the threshold
structure p? 7oy > 1, and K“*; <1
o The correspondlng resource allocation for the single price
. {9@'—1 i=1,2,..., Ko,
mechanism: s; = P .
0 otherwise.

Compared with the optimal pricing scheme in Theorem 1,
the linear pricing scheme also gives a higher priority to users
with a higher willingness to pay, but typically with a different
cutting-off group threshold K.

Based on the results in Theorems 3 and 1, we are able
to calculate the revenue loss in the linear pricing case. For
the general case with arbitrary number of groups, however,
the number of parameters is too large to make the comparison
insightful. Next we will focus the comparison in the two-group
case and show the linear pricing may lead to a large revenue
loss. Then we show that a combination of the nonlinear pricing
and the linear pricing (i.e., scheme 3 in Fig. 1) can significantly
reduce the revenue loss.

e Optimal single price: p = p(K

C. Revenue Loss Analysis in a Two-Group Case

In a two-group case, the revenue under the linear pricing

scheme in Theorem 3 is
S(%llilj\szgﬁ 1<t< \/W
S N
where t = \/% > 1. The optimal revenue achieved with full
information in Theorem 1 is
S(N101+N262)+N; No(+/01 —/02)>
Ropt = { SN0, NiFh+S
N1+5
Let us define the revenue loss ratio
Ropt - Rsp
Ropt
Let N = N; + N> be the total number of the users, @ =
% be the percentage of group 1 users, and k = % denotes
the level of normalized available resource. Thus the loss ratio
L(t,a, k) =

a(l—a)(t—1)2
k(at?+1—a)+a(l—a)(t—1)2
(1—a)(a(t=1)—k)*
(a+k)((at?+1—a)k+a(l—a)(t—1)2)

Ry =

S+ N-
N
t> S

L= , t> 1.

1<t </ ke

k+a k+a
o SE<T

It is clear that L = O when ¢ > ’“TT‘* The following properties
of L are interesting:

e For parameter ¢: L is an increasing function of ¢ in
k+ta k+a>

a o
The maximum is obtained at t7,_,0z = \/kTTO‘, which
is a critical point that the resource allocated to the group
2 user just becomes zero under the linear pricing. One
example is showed in fig.4.

o For parameter a: We define
L(ak) = mtaxL(t,a,k)

(1-a)(Vk+a - Vo)
E(k+1)+(1—a)(VE+a—a)?

(1,4/%%2) and a decreasing function in |




L(t,0.01,0.2)
0.35)

t Lomax ~ 4.58258

Fig. 4. The loss ratio L increases in ¢ in (1, kaO‘), and decreases in
[ ]C?LTO‘, ]C?LTO‘) The maximum value is achieved at t7,_,,q0 = w/kao‘.
Fig. 5. For a fixed k, L monotonically increases in «. For a fixed a, L first

increases in k, and then decreases in k.
-3
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Fig. 6. Tllustration of the maximum possible loss ratio L* (e, k) with oo =
0.01 of the hybrid pricing scheme. L*(0.01, k) is bounded by 0.5%, which
is much less than the L(0.01, k) in Fig. 5.

For a fixed k, L(«a, k) monotonically decreases in c. This
is essentially due to the fact that both optimal and linear
pricing schemes allocate resource to the high willingness
to pay users with priority due to the limited total resource.
When the ratio of the high willingness to pay users («)
increases, the differences between two pricing strategies
and their corresponding resource allocations diminish. As
shown in Fig. 5, when « is large (> 0.5), the revenue loss

are very small (L(c, k) < 7%).
o For parameter k: For fixed «, L(«, k) is not a monotonic
function in k. As showed in Fig. 5, L(«, k) is small when
k is very small or very large. Small k£ means that the
resource is very limited and almost exclusively allocated
to group 1’s users in both pricing schemes. When £ is
very large, the resource is abundant and the prices and
resource allocation in two strategies also become close.
From the above analysis, we find the following hybrid
pricing scheme is promising to serve as an implementable
pricing mechanism for the SP in the incomplete information

linear pricing when ¢ < t1,

case.

p(t) = { nonlinear pricing when t > tq,
where 7 is the threshold obtained by Theorem 2. When ¢ > t1,
the nonlinear pricing can maintain zero revenue loss. When
t < t1, a big loss happens in the linear pricing scheme only if
o is small and ¢ is near ¢t1,_,,,4,. However, in the hybrid pricing

mechanism, when « is small, ¢; is always much smaller than
t1.—maz- Therefore we do not observe big loss.

To illustrate the benefit of the hybrid pricing scheme,
we numerically compute the maximum possible loss ratio
L*(a, k) = L(min(t1,tr—maz), @, k) to illustrate the above
intuition. As showed in Fig. 6, the loss ratio L*(0.01, k) for
the hybrid pricing is bounded under 0.5%. On the other hand,
the maximum loss ratio L(«, k) for single price can reach near
35% (see Fig. 5) with the same parameters.

IV. CONCLUSION

In this paper, we first study the maximum revenue that can
be achieved by a monopolistic service provider under complete
network information. Then we propose two pricing schemes
with incomplete information, and show that by properly com-
bining the two schemes we will have very small revenue loss in
a two-group case while maintaining the incentive compatibil-
ity. The ongoing work involves analytically characterizing the
efficiency loss in the general network with arbitrary number
of user groups.
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